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Abstract:
We propose a new subtraction scheme for next-to-leading order QCD calculations. Our
scheme is based on the momentum mapping and on the splitting functions derived in
the context of an improved parton shower formulation. Compared to standard schemes,
the new scheme features a significantly smaller number of subtraction terms and fa-
cilitates the matching of NLO calculations with parton showers including quantum
interference. We provide formulae for the momentum mapping and the subtraction
terms, and present a detailed comparison with the Catani-Seymour dipole subtraction
for a variety of 2→ 2 scattering processes.
1 Introduction
The Standard Model (SM) of particle physics has been tested and confirmed by a large
variety of experimental data [1]. With the start of data taking at the Large Hadron
Collider (LHC) in 2009 [2], the exploration of the properties and predictions of the SM
is being extended to center-of-mass energies of several TeV. To further consolidate the
Standard Model is an important effort per se; however, a detailed knowledge of SM-
induced backgrounds is equally important in searches for physics beyond the Standard
Model. For both tasks, leading-order (LO) QCD calculations of SM processes are
not sufficient: the theoretical uncertainty at LO is substantial, and next-to-leading
order (NLO) corrections to LHC processes are in general large and have to be included
to match experimental accuracies (for a recent review on higher-order corrections for
hadron collider processes see [3]). More specifically, the analysis and interpretation
of experimental signatures at the LHC require theoretical predictions for differential
distributions or cross sections with cuts on kinematic variables. NLO calculations
should thus be set up in form of fully differential parton-level Monte Carlo programs.
In recent years, a lot of effort has gone into semi- or fully-automated inclusion of
higher-order corrections in such tools for processes at hadron colliders. Most of these,
as e.g. MFCM [4], NLOJet++ [5], VBFNLO [6], Rocket [7], Blackhat/Sherpa [8, 9],
GOLEM/Whizard [10], GOLEM/Madgraph [10], and Helac [11, 12, 13], are now able to
provide NLO QCD predictions for several processes at parton level. Finally, a leading
logarithmic description of multiple soft and collinear parton emissions in the form of
parton showers should be combined with the NLO partonic predictions; this has been
realised in a variety of different approaches [14, 15, 16, 17, 18, 19, 20, 21, 22], and
mature program packages like MC@NLO [15, 23, 24, 25] and POWHEG [26, 27, 28]
have been developed for LHC physics.
An important calculational tool for the implementation of NLO QCD corrections
in Monte Carlo style programs are subtraction schemes [29, 30, 31, 32, 33, 34], which
facilitate the treatment of infrared and collinear divergences originating from different
phase-space contributions. Subtraction schemes introduce local counterterms which
mimic the behaviour of the real-emission matrix element in the singular limits. The
difference between the local counterterms and the real-emission matrix element is thus
finite and can be integrated numerically. The infrared and collinear singularities are
isolated by integrating the subtraction terms over the singular regions within a given
regularisation scheme, e.g. dimensional regularisation. The soft and collinear singular-
ities then cancel when the integrated subtraction terms are added to the virtual cross
section. After standard UV-renormalisation, all contributions to the NLO cross section
are finite, and the further phase-space integrations can be performed numerically by
means of Monte Carlo techniques.
Various general NLO subtraction schemes have been proposed (see [30, 31, 32, 34]),
and several (semi)automated implementations are available [35, 36, 37, 38, 39, 28]. The
schemes differ in the phase-space mapping which relates real-emission and leading-order
kinematics and which is needed to define the subtraction terms, and in the finite parts
of the subtraction. Unfortunately, the schemes developed so far suffer from a rapidly
rising number of momentum mappings needed to evaluate the subtraction terms, which
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basically scales like N3 for a leading order 2→ N process.1 With an increasing number
of final-state particles this scaling leads to a rapidly rising number of momentum map-
pings and subsequent re-evaluations of matrix elements. In this paper, we therefore
propose a subtraction scheme where the number of mappings scales like N2, thereby
reducing the number of matrix element evaluations by a factor N . This scaling is
achieved by the use of a mapping prescription which, for emissions from final-state
particles, redistributes the momenta to all non-emitting final state particles simultane-
ously, thereby leading to one unique momentum mapping per emitter. Furthermore, the
subtraction terms in this scheme are derived from splitting functions which have been
proposed in the context of a parton shower including interference effects [40, 41, 42].
When NLO parton-level calculations and parton showers are combined, specific coun-
terterms have to be added in order to avoid double counting of contributions which
are included in both the NLO calculation and the parton shower [15, 43]. The use of
the shower splitting functions as subtraction terms reduces the number of these coun-
terterms [19] and therefore facilitates the combination of shower and NLO calculations.
First results obtained with the new subtraction scheme have been published in [44].
This paper is organised as follows. After a brief revision of the generic features of
NLO subtraction schemes in Section 2, we shall present the setup of our new scheme in
Section 3. We discuss the momentum mapping, the factorisation of the matrix element
in the soft and collinear limits, and present the subtraction terms and their integrated
counterparts for scattering processes with at most two particles in the final state.
In Section 4, we apply our scheme to well-known collider processes at NLO: single-
W production, dijet production at lepton colliders, gluon-induced Higgs production
and Higgs decay into gluons, and deep inelastic scattering. We show that, for these
processes, the results obtained using our subtraction prescription agree with the results
obtained within the commonly used Catani-Seymour dipole subtraction scheme [31].
We conclude in Section 5. Some additional useful formulae are listed in the Appendix.
2 General structure of NLO cross sections and sub-
traction schemes
In this section, we shall briefly review the general structure of subtraction schemes
for NLO cross-section calculations at colliders and set up our notation, following
closely the notation established in the context of the Catani-Seymour dipole subtrac-
tion scheme [31].
We consider a generic jet cross-section σ with
σ = σLO + σNLO
=
∫
m
dσB +
∫
m
dσV +
∫
m+1
dσR , (1)
1We note that recently a constant scaling behaviour for N -gluon final states has been achieved
within the Madgraph framework [38]; however, this scaling behaviour relies on the symmetrisation of
the matrix element and is therefore applicable independent of the subtraction scheme and its mapping
prescription. Our argument concerns the general combinatoric number of mappings and the resulting
scaling behaviour if no further process-specific simplifications are applied.
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Figure 1: Soft/collinear factorisation: when the partons ℓ and j become collinear
and/or parton j becomes soft, the (j)-parton matrix element factorises into a sum over
m-parton matrix elements times a singular factor vℓ.
where σB, σV, and σR denote the LO, virtual and real-emission contributions, respec-
tively. There are m partons in the final state for the LO and virtual cross sections,
and m + 1 partons for the real-emission contribution. After UV-renormalisation, the
virtual and real-emission cross sections each contain infrared and collinear singulari-
ties, which we regularise using dimensional regularisation, i.e. we work in d = 4 − 2ε
dimensions so that the singularities appear as 1/ε2 (soft and collinear) and 1/ε (soft or
collinear) poles. These poles cancel in the sum of virtual and real contributions, but
the individual pieces are divergent and can thus not be integrated numerically in four
dimensions.
In subtraction schemes one constructs local counterterms which match the be-
haviour of the real-emission matrix element in each soft and collinear region. Sub-
tracting these counterterms from the real-emission matrix elements and adding back
the corresponding one-particle integrated counterparts to the virtual contribution re-
sults in finite integrands for both the virtual correction (m-particle phase space) and
the real contribution (m+ 1-particle phase space):
σNLO =
∫
m
dσV +
∫
m+1
dσA︸ ︷︷ ︸
finite
+
∫
m+1
[
dσR − dσA]︸ ︷︷ ︸
finite
=
∫
m
[
dσV +
∫
1
dσA
]
ε=0
+
∫
m+1
[
dσRε=0 − dσAε=0
]
. (2)
The construction of the local counterterms, collectively denoted by dσA in Eq. (2),
relies on the factorisation of the real-emission matrix element in the singular (i.e. soft
and collinear) limits (Fig. 1) [45, 46, 47]:
Mm+1({pˆ}m+1) −→
∑
ℓ
vℓ({pˆ}m+1)⊗Mm({p}m) , (3)
whereMm+1 andMm denote (m+1)- and m-parton matrix elements, respectively, the
vℓ are generalised splitting functions containing the singularity structure of the m+ 1
matrix element, and the symbol ⊗ represents properly defined phase-space, spin and
3
colour convolutions. (See Section 3.2 for a more detailed discussion of the (m + 1))-
parton matrix element factorisation.) The momenta in the (m+1)- andm-parton phase
spaces are denoted by {pˆ}m+1 and {p}m, respectively. As Mm+1 and Mm are defined
in terms of (m + 1)- and m-parton phase spaces, a mapping {pˆ}m+1 → {p}m needs
to be introduced. The mapping must be such that four-momentum conservation as
well as the on-shell condition for all external particles are satisfied for both the {pˆ}m+1
and the {p}m momentum configurations. Different subtraction schemes differ in the
definition of the generalised splitting functions vℓ and in the mapping from (m + 1)-
to m-parton phase space. The momentum mapping and the construction of the vℓ for
our subtraction scheme will be discussed in detail in Sections 3.1, 3.2 and 3.3.
Squaring the generalised splitting functions vℓ and summing over all different sin-
gular parton splittings ℓ → ℓ + j yields the subtraction terms, symbolically written
as
dσA =
∑
ℓ
Dℓ ⊗ dσB , (4)
where Dℓ ∝ |vℓ|2, dσB denotes the LO cross section, and the symbol ⊗ represents
properly defined phase-space, spin and colour convolutions as above.
Integrating the subtraction term dσA over the one-parton unresolved phase space,
dξp, yields an infrared- and collinear-singular contribution∑
ℓ
[∫
dξpDℓ
]
⊗ dσB =
∑
ℓ
Vℓ ⊗ dσB , (5)
which needs to be combined with the virtual cross section to yield a finite NLO cross
section
σNLO =
∫
m
[
dσV +
∑
ℓ
Vℓ ⊗ dσB
]
+
∫
m+1
[
dσR −
∑
ℓ
Dℓ ⊗ dσB
]
. (6)
In this form, the NLO cross section can be integrated numerically over phase space
using Monte Carlo methods.
The generalisation of Eq. (6) to hadron collisions is straightforward and requires
the inclusion of a further counterterm to absorb initial-state collinear singularities
into a re-definition of the parton-distribution functions. Finally, we emphasise that
the jet cross-section σ has to be defined in a infrared-safe way by the inclusion of a
jet-function FJ , which satisfies F
(m+1)
J → F (m)J in the collinear and infrared limits.
Both, the factorisation of initial-state collinear singularities and the inclusion of a jet-
function are standard and are included in the more detailed version of our final formulae
presented in Section 3.4.
3 Alternative subtraction scheme: setup
In the scheme proposed in this paper, the NLO subtraction terms are derived from
the splitting functions introduced in the formulation of a parton shower with quantum
interference [40, 41, 42], and the momentum mapping {pˆ}m+1 → {p}m used to define
the subtraction terms corresponds to the inverse of the mapping introduced in the
definition of the parton shower.
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In Section 3.1 we shall first describe the momentum mappings, following closely
Ref. [40]. The essential feature of our scheme is that we use a global mapping in which
all of the partons participate, c.f. Ref. [48]. The factorisation of the real-emission matrix
element in the singular limits and the construction of the subtraction terms is then
discussed in Section 3.2. The subtraction terms needed to address the NLO collider
processes considered in this paper and their integrated counterparts are presented in
Section 3.3. Section 3.4 finally collects all necessary formulae. While our scheme can
be formulated in a completely general way, here we restrict ourselves to the discussion
of processes with massless QCD partons.
3.1 Momentum mapping
As before, the (m+1)-parton phase-space four-vectors are denoted by pˆ1, pˆ2, ... and m-
parton phase-space four-vectors by p1, p2, .... Indices a, b are used to label initial-state
particles.
3.1.1 Final-state emissions
Let us first treat the splitting of final-state partons. We shall briefly review the mo-
mentum mapping used in the formulation of the parton shower in Ref. [40] and then
define the inverse transformation needed for the subtraction scheme.
Mapping in the parton shower
We begin with a m-parton configuration with momenta {p}m, where one of the par-
tons with label ℓ ∈ {1, . . .m} splits. After the splitting we have a (m + 1)-parton
configuration with momenta {pˆ}m+1. We label the daughter partons by indices ℓ and
j, i.e. we consider a splitting pℓ → pˆℓ + pˆj.2 For an exactly collinear splitting or the
emission of a soft gluon with momentum pˆj = 0 one has pℓ = pˆℓ+ pˆj, but away from the
collinear/soft limit pℓ 6= pˆℓ + pˆj in general. Thus, in order to satisfy four-momentum
conservation and to have all external partons before and after the splitting on their
mass-shell, we need to take some momentum from the spectator partons which are not
involved in the splitting. In contrast to the Catani-Seymour scheme [31], where the
momenta of most of the partons are left unchanged, we use a mapping where all final
state partons participate.
Let us now first provide the formulae which specify the momentum mapping used
in the parton shower of Ref. [40]. We choose to leave the momenta of the initial -state
partons unchanged,
pa = pˆa, pb = pˆb , (7)
and introduce the variable Q to denote the total momentum of the final-state partons
in m-parton phase space:
Q ≡
m∑
n=1
pn = pa + pb . (8)
2Ref. [40] uses instead of the label ”j” the label ”m+ 1” for one of the daughter partons.
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Since the the momenta of the incoming partons remain the same, Q = pˆa + pˆb. We
now define
aℓ =
Q2
2 pℓ ·Q . (9)
Note that aℓ ≥ 1. The total momenta of the two daughter partons pˆℓ and pˆj are then
parametrised as a linear combination of pℓ and Q according to
Pℓ = pˆℓ + pˆj = λ pℓ +
1− λ+ y
2aℓ
Q . (10)
The two parameters λ, y in Eq. (10) can be be determined from energy-momentum
conservation as
λ =
√
(1 + y)2 − 4 aℓ y and y = P
2
ℓ
2 pℓ ·Q . (11)
The parameter y is a measure for the virtuality of the splitting with a maximum value
ymax =
(√
aℓ −
√
aℓ − 1
)2
(12)
corresponding to λ = 0.
In our scheme, the mapping includes all final-state particles, and their momenta
before and after the splitting are related by a Lorentz transformation
pˆµn = Λ(Kˆ,K)
µ
ν p
ν
n, n /∈ {ℓ, j} . (13)
Here K is the total momentum of the final-state spectators before the splitting
K = Q− pℓ , (14)
and Kˆ is the total momentum of the final-state spectators after the splitting
Kˆ = Q− Pℓ . (15)
Since each final-state spectator is changed by a Lorentz transformation, we have
Kˆµ = Λ(Kˆ,K)µν K
ν (16)
with the Lorentz transformation [40]
Λ(Kˆ,K)µν = g
µ
ν −
2 (Kˆ +K)µ (Kˆ +K)ν
(Kˆ +K)2
+
2 KˆµKν
K2
. (17)
In this paper we shall focus on processes with only up to two massless partons in the
final state; then, aℓ = 1 and K
2 = 0. In this case, an alternative representation of
the Lorentz transformation has to be introduced which is well defined when K2 = 0:
Λ(Kˆ,K)µν = g
µ
ν +
(
K · n
Kˆ · n − 1
)
nµ n¯ν +
(
Kˆ · n
K · n − 1
)
n¯µ nν , (18)
where n and n¯ are light-like vectors in the Q-pℓ plane with n · n¯ = 1 and (pℓ ·n/pℓ · n¯) <
(Q · n/Q · n¯).
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Let us briefly comment on the flavour structure of the splitting. The flavours
f ∈ {g, u, u¯, d, d¯, . . .} of the spectator partons remain unchanged
fˆn = fn, n /∈ {ℓ, j} , (19)
while the flavour of the mother parton fℓ obeys
fˆℓ + fˆj = fℓ , (20)
where we use the notation of adding flavours as in q + g = q, q¯ + q = g etc. Thus if
the mother parton ℓ is a quark/antiquark, then (fˆℓ, fˆj) = (q/q¯, g), and if the mother
parton ℓ is a gluon, then (fˆℓ, fˆj) = (g, g), which corresponds to g → g g splitting, or
any choice of quark/antiquark flavours (fˆℓ, fˆj) = (q, q¯), which corresponds to g → q q¯
splitting.
Mapping in the subtraction scheme
There is an inverse of the transformation Eq. (13), which maps the (m + 1)-parton
momenta to the m-parton momenta. It is this inverse transformation which is needed
to determine the subtraction terms in a NLO calculation. We thus start with a {pˆ}m+1
configuration and determine the {p}m configuration by combining two final state par-
tons pˆℓ + pˆj → pℓ.
One can determine pℓ by rearranging Eq. (10)
pℓ =
1
λ
(pˆℓ + pˆj)− 1− λ+ y
2 λ aℓ
Q , (21)
where we now have to express the momentum Q and the parameters aℓ, λ, y defined in
Eqs. (8), (9) and (11), respectively, in terms of the {pˆ}m+1. From Eqs. (7) and (8) we
have
Q = pˆa + pˆb =
m+1∑
n=1
pˆn , (22)
while y and aℓ can alternatively be written as
y =
P 2ℓ
2Pℓ ·Q− P 2ℓ
and aℓ =
Q2
2Pℓ ·Q− P 2ℓ
, (23)
with Pℓ = pˆℓ + pˆj (10). With y, aℓ as given in Eq. (23), the parameter λ follows from
Eq. (11).
FromK = Q− pℓ and Kˆ = Q−Pℓ we can finally obtain the Lorentz transformation
which takes the spectator partons from the (m+1)-parton to them-parton phase space:
pµn = Λ(K, Kˆ)
µ
ν pˆ
ν
n, n /∈ {ℓ, a, b} , (24)
where Λ(K, Kˆ)µν is given by Eq. (17) with Kˆ and K interchanged. For aℓ = 1,
i.e. {p}m = {pℓ, pm}, the mapping is particularly simple and reads
pℓ =
1
1− y (pˆℓ + pˆj − y Q) , pm =
pˆm
1− y . (25)
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The transformation of the flavours is similar to the case of parton splitting. The
flavour of the mother parton fℓ is given by
fℓ = fˆℓ + fˆj , (26)
with the rule of adding flavours, q + g = q and q + q¯ = g, while the flavours of the
spectators remain unchanged
fn = fˆn, n /∈ {ℓ, j} . (27)
3.1.2 Initial-state emission
Let us now turn to the description of the splitting of an initial-state parton into an
initial- and final-state parton, and the combination of an initial-state and a final-
state parton into an initial-state parton. As before we first review the momentum
mapping defined for the parton shower evolution in Ref. [40] and then present the
inverse mapping needed for the NLO subtraction scheme.
Mapping in the parton shower
We take the initial state partons to be on-shell with zero transverse momentum, i.e.
p2a = p
2
b = pˆ
2
a = pˆ
2
b = 0 (28)
and, in general,
pa = ηa pA, pb = ηb pB ;
pˆa = ηˆa pA, pˆb = ηˆb pB . (29)
Here pA and pB are the momenta of the incoming hadrons, which are taken massless
p2A = p
2
B = 0 and 2 pA · pB = s, where s denotes the hadronic center-of-mass energy.
The ηa, ηb are the usual momentum fractions of the hadrons A and B carried by the
partons a and b, respectively.
We now consider the splitting of an initial-state parton, say parton a, into a new
initial-state parton and a final-state parton, pa → pˆa + pˆj. Here, the splitting is to be
understood in the sense of backward evolution, i.e. the evolution going forward in time
is pˆa → pa + pˆj , where parton a enters the hard interaction. Given {p}m and pˆj we
need to define how to obtain {pˆ}m+1. As in the case of final-state splitting, we cannot
have on-shell partons with pˆa = pa + pˆj away from the soft/collinear limit, so we need
a momentum mapping which redistributes some momenta from the spectator partons.
To define the momentum mapping we first choose to keep the momentum fraction
of parton b unchanged
ηˆb = ηb . (30)
The momentum fraction ηˆa will be determined from the momentum pˆj. To proceed,
first consider the momenta of the final-state spectator partons after the splitting. They
are related to the momenta before the splitting by a Lorentz transformation
pˆµn = Λ(Kˆ,K)
µ
ν p
ν
n, n ∈ {1, · · · , m} and n 6= j . (31)
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Here Λ(Kˆ,K)µν is the transformation specified in Eq. (17), and K and Kˆ are the total
momenta of the final state spectators before and after the splitting,
K = pa + pb
Kˆ = pˆa + pb − pˆj = Qˆ− pˆj , Qˆ = pˆa + pb . (32)
To determine ηˆa one uses the fact that K and Kˆ are related through the Lorentz
transformation Eq. (17), Kˆµ = Λ(Kˆ,K)µν K
ν , so that Kˆ2 = K2. This condition
determines ηˆa as
ηˆa =
ηa ηb s+ 2 ηb pB · pˆj
ηb s− 2 pA · pˆj ≤ 1 . (33)
As discussed for the final-state splitting in Sec. 3.1.1, the flavours of the spectator
partons remain unchanged
fˆn = fn, n /∈ {a, j} , (34)
while the flavours of the daughter partons fˆa and fˆj obey
fˆa + fˆj = fa . (35)
Mapping in the subtraction scheme
To obtain the inverse mapping which takes us from {pˆ}m+1 to {p}m and which specifies
the NLO subtraction terms, we first determine ηa from the condition Kˆ
2 = K2 as
ηa =
ηˆa ηb s− 2 (ηˆa pA · pˆj + ηb pB · pˆj)
ηb s
(36)
which leads to
pa =
(
1− pˆj · Qˆ
pˆa · pb
)
pˆa . (37)
As before, we choose to set ηb = ηˆb. The final-state spectator partons {p}m are deter-
mined through the inverse of Eq. (31):
pµn = Λ(K, Kˆ)
µ
ν pˆ
ν
n, n ∈ {1, · · · , m} and n 6= j , (38)
where Λ(K, Kˆ)µν is given by Eq. (17) with K ↔ Kˆ. The total momentum of the final-
state partons in the m-particle configuration can be calculated from K = pa + pb =
ηapA + ηbpB using Eq. (36).
The flavours of the partons obey the usual relations
fn = fˆn, n /∈ {a, j}
fa = fˆa + fˆj . (39)
3.2 Factorisation in the soft and collinear limits
We now proceed to derive the subtractions terms Dℓ in Eq. (4) from the factorisation
of the matrix-element in the soft and collinear limits, c.f. Eq. (3). If partons ℓ and j
are collinear, we have
|M({pˆ, fˆ}m+1)〉 = |Mℓ({pˆ, fˆ}m+1)〉 , (40)
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where the partial amplitude |Mℓ({pˆ, fˆ}m+1)〉 can be expressed in terms of a m-parton
amplitude times a splitting function as specified below. Here we follow the notation of
Refs. [31, 40], where a QCD amplitude is written as a vector |M〉 in colour and spin
space. In the case that parton j becomes soft, the full amplitude is given by a sum of
the partial amplitudes,
|M({pˆ, fˆ}m+1)〉 =
∑
ℓ
|Mℓ({pˆ, fˆ}m+1)〉 . (41)
In the soft and collinear limits, the partial amplitudes |Mℓ({pˆ, fˆ}m+1)〉 take the fac-
torised form
|Mℓ({pˆ, fˆ}m+1)〉 = t†ℓ(fℓ → fˆℓ + fˆj) V †ℓ ({pˆ, fˆ}m+1) |M({p, f}m)〉 , (42)
where V †ℓ ({pˆ, fˆ}m+1) is an operator acting on the spin part of the amplitude, while the
operator t†ℓ(fℓ → fˆℓ + fˆj) acts on the colour part.
Them-parton amplitude |M({p, f}m)〉 is evaluated at momenta and flavours {p, f}m
determined from {pˆ, fˆ}m+1 according to the transformations specified in Sections 3.1.1
and 3.1.2 for final- and initial-state emitters, respectively. The matrix elements of the
spin-dependent splitting operator V †ℓ can be expressed as
〈{sˆ}m+1|V †ℓ ({pˆ, fˆ}m+1)|{s}m〉 =
 ∏
n/∈{ℓ,j}
δsˆn,sn
 vℓ({pˆ, fˆ}m+1, sˆj , sˆℓ, sℓ) . (43)
The splitting amplitudes vℓ in Eq. (43) have been derived in Ref.[40] from QCD vertices.
In general, they depend on the type of partons involved in the splitting. The results
are collected in Appendix A. In the special case that parton j is a gluon and that pˆj
is soft, or soft and collinear with pˆℓ, the splitting amplitudes simplify and are given by
the eikonal approximation,
veikonalℓ ({pˆ, fˆ}m+1, sˆj, sˆℓ, sℓ) =
√
4παs δsˆℓ,sℓ
ε(pˆj, sˆj, Qˆ)
∗ · pˆℓ
pˆj · pˆℓ , (44)
where Qˆ = Q is the total momentum of the final state partons, see Eq. (8).
To construct the NLO subtraction terms, we consider the square of the amplitude
in the singular limits, 〈M({pˆ, fˆ}m+1)|M({pˆ, fˆ}m+1)〉. There are two kinds of contri-
butions: the direct terms which correspond to the amplitude for a parton ℓ to split
times the complex conjugate amplitude for the same parton to split, and the interfer-
ence terms where parton j is emitted from parton ℓ in the amplitude and from parton
k 6= ℓ in the complex conjugate amplitude. The direct terms contain singularities when
partons ℓ and j are collinear, and when parton j is soft but not necessarily collinear
with parton ℓ. Since our definition of the amplitude in the singular limits is based
on the use of physical polarisations for the final-state partons (see Eq. (47) below),
the interference terms do not exhibit purely collinear singularities. They do, however,
contain soft and soft/collinear singularities.
Let us first consider the direct terms , which are products of a splitting amplitude vℓ
times a complex conjugate splitting amplitude v∗ℓ . Summing over the daughter parton
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spins and averaging over the mother parton spins, leads to the spin-averaged direct
splitting functions W ℓℓ which will form part of the subtraction terms
W ℓℓ ≡ 1
2
∑
sˆℓ,sˆj ,sℓ
|vℓ({pˆ, fˆ}m+1, sˆj, sˆℓ, sℓ)|2 . (45)
In d dimensions, when the mother parton is a gluon, the averaging factor becomes
1/(2(1− ε)). An additional symmetry factor 1/2 has to be introduced for a final state
g → g + g splitting. In the soft-gluon limit, W ℓℓ can easily be obtained from Eq. (44),
W
eikonal
ℓℓ = 4 π αs
pˆℓ ·D(pˆj, Qˆ) · pˆℓ
(pˆj · pˆℓ)2 , (46)
where flavour-dependent averaging factors are already taken into account. The trans-
verse projection tensor Dµν in Eq. (46) is given by
Dµν(pˆj , Qˆ) = −gµν +
pˆµj Qˆ
ν + Qˆµ pˆνj
pˆj · Qˆ
− Qˆ
2 pˆµj pˆ
ν
j
(pˆj · Qˆ)2
. (47)
It will be convenient to define a dimensionless function F :
F =
pˆℓ · pˆj
4 π αs
W ℓℓ , (48)
and we then have
Feik ≡ pˆℓ · pˆj
4 π αs
W
eikonal
ℓℓ =
pˆℓ ·D(pˆj, Qˆ) · pˆℓ
pˆℓ · pˆj =
2 pˆℓ ·Q
pˆj ·Q −
Q2 pˆℓ · pˆj
(pˆj ·Q)2 . (49)
For the direct terms, the colour part of the squared amplitude factorises
〈M({pˆ, fˆ}m+1)|M({pˆ, fˆ}m+1)〉
∼ C(fˆℓ, fˆj)〈Mℓ({p, f}m|Vℓ({pˆ, fˆ}m+1)V †ℓ ({pˆ, fˆ}m+1)|Mℓ({p, f}m)〉 (50)
with overall colour factors
C(fˆℓ, fˆj) =

CF (fˆℓ, fˆj) = (q, g), (g, q) ,
CA (fˆℓ, fˆj) = (g, g) ,
TR (fˆℓ, fˆj) = (q, q¯) .
(51)
We now turn to the interference terms, where parton j is emitted from parton ℓ in
the amplitude and from parton k 6= ℓ in the complex conjugate amplitude (Fig. 2). As
mentioned above, the interference terms contain the soft and soft/collinear singularities,
and the splitting amplitudes are given by the eikonal approximation. The interference
splitting function thus becomes
Wℓk = v
eikonal
ℓ ({pˆ, fˆ}m+1, sˆj, sˆℓ, sℓ) veikonalk ({pˆ, fˆ}m+1, sˆj , sˆk, sk)∗ δsˆℓ,sℓ δsˆk,sk . (52)
There is an ambiguity in the momentum mapping to be used in Eq. (52). One could
associate Wℓk with the splitting of parton ℓ and the momentum mapping for that
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...
...
...
...
|Mℓ({pˆ, fˆ}m+1) > <Mk({pˆ, fˆ}m+1)|
j
ℓ
k
Figure 2: Interference diagram: parton j is emitted from parton ℓ in the scattering
amplitude and parton j is emitted from parton k in the complex-conjugate scattering
amplitude.
splitting, or with the splitting of parton k and the corresponding momentum mapping,
or one could use an average of both. To define the average, we introduce weight
factors [41] which redistribute the splitting function to the two possible mappings
Wℓk −→ AℓkW (ℓ)ℓk + AkℓW (k)ℓk . (53)
Here W
(ℓ)
ℓk and W
(k)
ℓk denote splitting functions with the mapping corresponding to the
splitting of parton ℓ and k, respectively. Furthermore we have
Aℓk({pˆ}m+1) + Akℓ({pˆ}m+1) = 1 (54)
for any fixed momenta {pˆ}m+1. The conceptually simplest choice Aℓk = Akℓ = 1/2
has been adopted in Ref. [40]. However, we would like to set up our NLO scheme
in a way that facilitates matching with a parton shower including quantum and spin
interferences. Thus, as advocated Ref. [42], we will adopt weight functions which have
more favourable properties when used in the formulation of parton showers.
Summing over the two graphs with interference of gluons emitted from partons ℓ
and k we obtain a term
Wℓk,kℓ = Wℓk t
†
ℓ ⊗ tk + Wkℓ t†k ⊗ tℓ
= Aℓk
[
W
(ℓ)
ℓk t
†
ℓ ⊗ tk + W (ℓ)kℓ t†k ⊗ tℓ
]
+ Akℓ
[
W
(k)
ℓk t
†
ℓ ⊗ tk + W (k)kℓ t†k ⊗ tℓ
]
. (55)
Let us consider the part proportional to Aℓk. The spin-averaged splitting function
∝ Aℓk can be simplified to
1
2
[
t†k ⊗ tℓ + t†ℓ ⊗ tk
]
W ℓk , (56)
where
W ℓk = 4παs 2Aℓk
pˆℓ ·D(pˆj, Qˆ) · pˆk
pˆj · pˆℓ pˆj · pˆk . (57)
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We now combine W ℓk with the direct splitting function squared W ℓℓ, which has the
same momentum mapping and which comes with a colour factor t†ℓ ⊗ tℓ. Invariance of
the matrix element under colour rotations implies [41]:
t†ℓ ⊗ tℓ = −
∑
k 6= ℓ
1
2
[
t†k ⊗ tℓ + t†ℓ ⊗ tk
]
, (58)
and the complete contribution obeying one particular mapping is then given by
− 1
2
[
t†k ⊗ tℓ + t†ℓ ⊗ tk
] [
W ℓℓ −W ℓk
]
. (59)
Following [41], we now add and subtract the soft-gluon approximation to the direct
splitting function W ℓℓ according to
W ℓℓ −W ℓk =
(
W ℓℓ −W eikonalℓℓ
)
+
(
W
eikonal
ℓℓ −W ℓk
)
, (60)
where W
eikonal
ℓℓ is given in Eq. (46). The first term in Eq. (60) only has a collinear
singularity, while the soft and the soft/collinear singularities are contained in the second
term
(
W
eikonal
ℓℓ −W ℓk
)
. This second term can be written as [42]
W
eikonal
ℓℓ −W ℓk = 4παsA′ℓk
−Pˆ 2ℓk
(pˆj · pˆℓ pˆj · pˆk)2 , (61)
where Pˆℓk = pˆj · pˆℓ pˆk − pˆj · pˆk pˆℓ, and A′ℓk is defined in [42] in terms of Aℓk. Several
choices for A′ℓk have been proposed in Ref. [42]; all results given here have been obtained
using
A′ℓk({pˆ}m+1) =
pˆj · pˆk pˆℓ · Qˆ
pˆj · pˆk pˆℓ · Qˆ+ pˆj · pˆℓ pˆk · Qˆ
, (62)
specified in Eq. (7.12) of Ref. [42]. As argued in [42], the choice in Eq. (62) has various
favourable features when used in the formulation of a parton shower.
The general form of the interference spin-averaged splitting function is then given
by
∆W = W
eikonal
ℓℓ −W ℓk = 4παs
2 pˆℓ · pˆk pˆℓ · Qˆ
pˆℓ · pˆj
(
pˆj · pˆk pˆℓ · Qˆ + pˆℓ · pˆj pˆk · Qˆ
) . (63)
The only singularity in Eq. (63) arises from the factor pˆℓ · pˆj in the denominator; the
interference term is constructed such that it vanishes for pˆj · pˆk → 0. Note that the
interference term ∆W only needs to be considered if the emitted parton j is a gluon.
If parton j is a quark or antiquark, this term vanishes.
3.3 Subtraction terms
The subtraction terms Dℓ in Eq. (4) are constructed from the splitting functions that
describe the (m+1)-parton matrix-element squared in the soft and collinear limits, as
derived in Section 3.2. Results for the splitting functions have already been presented
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in Ref. [41].3 Integrating the subtraction terms over the one-parton unresolved phase
space yields an infrared- and collinear-singular contribution which needs to be combined
with the virtual cross section to yield a finite NLO cross section. In this section we
present results for the subtraction terms Dℓ and their integrated counterparts Vℓ. We
first consider the collinear contributions proportional toW ℓℓ−W eikonalℓℓ and then discuss
the soft singularities contained in the interference terms proportional toW
eikonal
ℓℓ −W ℓk,
see Eq. (60).
In the formulae presented below, we leave out a common factor 4παs in the ex-
pressions for the squares v2ℓ of the splitting amplitudes; however, the expressions for
the subtraction terms Dℓ and the integrated subtraction terms Vℓ contain all factors,
so that they can directly be used in the final formulae presented in Section 3.4 below.
Some of the integrals have been calculated using the Mathematica package HypExp
[49, 50].
3.3.1 Final-state collinear subtractions
In this paper we consider processes with only up to two massless partons in the final
state, so that aℓ = 1 (c.f. Eq. (9)). We use the labelling Dfℓfˆℓfˆj and Vfℓfˆℓfˆj for a process
with the splitting pℓ → pˆℓ + pˆj . For final-state collinear splittings, the subtraction
terms can be expressed through the variables
y =
pˆℓ · pˆj
pℓ ·Q and z =
pˆj · nℓ
Pℓ · nℓ , (64)
with
Pℓ = pˆℓ + pˆj, nℓ =
1
1− y (Q− Pℓ) = pm, pℓ ·Q = Pℓ ·Q− pˆℓ · pˆj , (65)
where pm is the non-emitting final-state parton in the process.
The integration of the subtraction terms over the one-parton unresolved phase space
makes use of the phase-space factorisation[
d{pˆ, fˆ}m+1
]
g({pˆ, fˆ}m+1) = [d{p, f}m] dξpg({pˆ, fˆ}m+1) , (66)
where g({pˆ, fˆ}m+1) is an arbitrary function. The definition of the unresolved one-
parton integration measure is
dξp = dy θ(ymin < y < ymax) λ
d−3 pℓ ·Q
π
ddpˆℓ
(2 π)d
2 π δ+(pˆ2ℓ)
ddpˆj
(2 π)d
2 π δ+(pˆ2j )
× (2 π)d δ(d)
(
pˆℓ + pˆj − λ pℓ − 1− λ+ y
2 aℓ
Q
)
. (67)
3Note that there is an error in Eq. (2.38) of [41], which should read
F = Feikonal +
x− y
1− x .
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Here ymin = 0 for massless partons and ymax is given by Eq. (12). For aℓ = 1, Eq. (67)
reduces to
dξaℓ=1p = dy θ (y(1− y)) (1− y)d−3
pℓ ·Q
π
ddpˆℓ
(2 π)d
2 π δ+(pˆ2ℓ)
ddpˆj
(2 π)d
2 π δ+(pˆ2j)
× (2 π)d δ(d) (pˆℓ + pˆj − (1− y)pℓ − yQ) . (68)
Subtraction terms and integrals
qqg, q¯q¯g
The squared splitting amplitude for final state qqg couplings in the case of massless
quarks is given by
v2qqg − v2eik =
2
y (pℓQ)
{
y
1− y Feik + (1− ε) z
}
, (69)
where
Feik = 2
(
−1 + 1 + y
y + z (1− y) −
y
(y + z (1− y))2
)
. (70)
Thus we have for the subtraction term
Dcollqqg =
4παs
2
CF
(
v2qqg − v2eik
)
. (71)
The collinear part of the integrated subtraction term is given by
Vcollqqg =
4παs
2
µ2ε CF
∫
dξp
[
v2qqg − v2eik
]
=
αs
4 π
CF
1
Γ(1− ε)
(
2 π µ2
pℓQ
)ε (
−1
ε
− 14 + 4
3
π2
)
. (72)
gqq¯, gq¯q
The gqq¯ splitting function for massless quarks is given by
v2gqq¯ =
2
y pℓQ
(1− ε− 2 z (1− z)) . (73)
Averaging over the helicity of the incoming particles gives an additional factor 1/(2 (1−
ε)), and we obtain for the subtraction term
Dgqq = 4παs
2 (1− ε) TR v
2
gqq¯ . (74)
Integrating this over the unresolved one-parton phase-space, we obtain
Vgqq = 4παs
2 (1− ε)µ
2ε TR
∫
dξp v
2
gqq¯ =
TR
π
αs
Γ(1− ε)
(
2 π µ2
pℓ ·Q
)ε [
− 1
3 ε
− 8
9
]
. (75)
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ggg
The total (unaveraged) splitting amplitude squared is given by
v2ggg =
1
2 (pˆℓ · pˆj)2
{
(d− 2) [pˆℓ ·Dj · pˆℓ + pˆj ·Dℓ · pˆj] − k2⊥Tr [Dℓ ·Dj]
}
, (76)
with
pˆℓ ·Dj · pˆℓ = 2 y pℓ ·Q
y + z (1− y)
[
1 − z (1− y) − y
y + z (1− y)
]
,
pˆj ·Dℓ · pˆj = 2 y pℓ ·Q
1− z (1− y)
[
y + z (1− y) − y
1− z (1− y)
]
,
k2⊥ = −2 y z (1− z) pℓ ·Q,
Tr [Dℓ ·Dj] = d− 2− 2∆ +∆2 (77)
and
∆ =
Qˆ2 (pˆℓ · pˆj)
(pˆℓ · Qˆ) (pˆj · Qˆ)
=
2 y
(y + z (1− y)) (1− z (1− y)) . (78)
Instead of using this as a subtraction term, however, we proceed in a different way [41]:
in order to well separate the singularities in the triple-gluon final state, we will use a
slightly modified splitting function, where all soft divergences originating from particle
ℓˆ are transferred to the subtraction term where pˆℓ and pˆj are interchanged. This can
be achieved by subtracting the term
v2ggg,sub = v
2
2 − v23 =
d− 2
2 (pˆℓ · pˆj)2 [pˆℓ ·Dj · pˆℓ − pˆj ·Dℓ · pˆj ] , (79)
where v2,3 are defined corresponding to Eqs. (2.40)-(2.42) in [41]. In the end, we obtain
v˜2ggg = v
2
ggg + v
2
ggg,sub =
1
2 (pˆℓ · pˆj)2
{
2 (d− 2) pˆℓ ·Dj · pˆℓ − k2⊥Tr [Dℓ ·Dj]
}
, (80)
which is the unintegrated subtraction term for each gluon emission. The first part
is the unaveraged eikonal splitting function; if we combine this with the interference
term, we have
v˜2ggg − v2eik = −
k2⊥
2 (pˆℓ · pˆj)2 Tr [Dℓ ·Dj ] =
z (1− z)
y (pℓ Qˆ)
[
d− 2− 2∆ +∆2] , (81)
and the collinear subtraction term reads
Dcollggg =
4 π αs
2 (1− ε) CA
(
v˜2ggg − v2eik
)
. (82)
Integrating and taking all averaging factors into account, we obtain
Vcollggg = µ2ε
4 π αs
2 (1− ε) CA
∫
dξp
(
v˜2ggg − v2eik
)
=
(
2 π µ2
pℓ · Qˆ
)ε
1
Γ(1− ε)
αs
2π
CA
[
− 1
6 ε
+
55
18
− 3
8
π2
]
. (83)
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pˆa
pˆj
pa
Figure 3: Example for the initial state splitting q(pa)q(pˆa)g(pˆj), which has to be applied
for processes with q +X → Y in the m-particle and q +X → g + Y in the (m+ 1)-
particle phase space. Our notation follows backward evolution, with the first flavour
denoting the parton which participates in the hard interaction.
3.3.2 Initial-state collinear subtractions
In the following, the parent parton will always be pˆa; for processes with two initial-state
partons, the corresponding formulae for the other incoming parton can be obtained from
interchanging a ↔ b. We label the processes according to backward evolution; e.g. gq¯ q
denotes a process where the gluon participates in the hard interaction. Therefore,
this splitting function needs to be applied for g + X → Y in the m-particle and
q +X → Y + q in the (m+ 1)-particle phase space. See Fig. 3 for an illustration for
qqg splitting.
We will use the following variables to describe in the initial-state subtraction terms:
x = 1− 2 pˆj · Qˆ
Qˆ2
and y = 2
pˆa · pˆj
Qˆ2
, (84)
and we also define y′ = y/(1− x).
The momentum pˆj can be expressed in terms of these variables by introducing a
Sudakov parametrisation
pˆj = α pa + β pb − k⊥, (85)
where
α =
1− x− y
x
and β = y. (86)
From pˆ2j = 0 it follows that k
2
⊥ = −2α β pa · pb. If we define the z−axis by the direction
of the incoming beams, we can furthermore specify
k⊥ = −|k⊥|

0
1− 2 v
2
√
v (1− v)
0
 , (87)
where v parametrises the additional angle in the interference terms; pˆj is then com-
pletely parametrised in terms of x, y′, v, 2pa · pb, and we can easily reconstruct
Kˆ =
1
x
pa + pb − pˆj (88)
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required for the inverse transformation given in Eq. (31).
The phase space factorises according to[
d{pˆ, fˆ}m+1
]
g({pˆ, fˆ}m+1) = [d{p, f}m] dξpg({pˆ, fˆ}m+1) , (89)
with the d-dimensional integration measure
dξp =
ddpˆj
(2 π)d−1
δ+
(
pˆ2j
)
. (90)
A more explicit form of the integration measure is given in Appendix B.
Subtraction terms and integrals
q¯q¯g,qqg
The unaveraged qqg splitting function is given by
v2q¯q¯g − v2eik =
(1− x− y)
x y pˆa · pˆb (d− 2) . (91)
Including all prefactors, we obtain
Dcollqq¯g =
4 π αs
2
CF
(
v2q¯q¯g − v2eik
)
(92)
and
Vcollqqg =
4 π αs
2
CF
∫
µ2 ε dξp
(
v2q¯q¯g − v2eik
)
,
=
αs
2 π
CF
1
Γ(1− ε)
(
4 π µ2
2 pa · pb
)ε ∫ 1
0
dx
1− x
x
[
−1
ε
− ln x + 2 ln (1− x)
]
.(93)
gq¯q, gqq¯
The gq¯q splitting function for massless quarks is given by
v2gq¯q =
(d− 2)
y pˆa · pˆb +
4 (1− (x+ y))
pˆa · pˆb y (x+ y)2 , (94)
and we have
Dgq¯q = 4 π αs
2
CFv
2
gq¯q . (95)
Integrating, we obtain
Vgq¯q = 4 π αs
2
CF µ
2ε
∫
dξp v
2
gq¯q
=
1
Γ(1− ε)
αs
2π
CF
(
4 π µ2
2 pa · pb
)ε ∫ 1
0
dx
[
−1
ε
1
x
(
1 + (1− x)2
x
)
+ g(x, ε0)
]
,
(96)
with
g(x, ε0) =
x2 − 2 (1− x)
x2
− ln x + 2 ln(1− x)
x2
(
(1− x)2 + 1) . (97)
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qgq, q¯gq¯
The gqq¯ splitting function for massless quarks is given by
v2qgq =
(d− 2)
x y pˆa · pˆb +
4 (x+ y)
x y pˆa · pˆb ((x+ y)− 1) , (98)
and we obtain
Dqgq = 4 π αs
2 (1− ε) TR v
2
qgq . (99)
The integrated splitting function reads
Vqgq = 4 π αs
2 (1− ε) TR µ
2ε
∫
dξp v
2
qgq
=
1
Γ(1− ε)
αs
2π
TR
(
4 π µ2
2 pa · pb
)ε ∫ 1
0
dx
x
[
−1
ε
(
x2 + (1− x)2) + g(x, ε0)] ,
(100)
with
g(x, ε0) = (1− x) (5 x− 1) + ( 2 ln(1− x) − ln x) [x2 + (1− x)2] . (101)
ggg
For initial states, the ggg splitting function is given by
v2ggg − v2eik =
2 (1− x− y)
y pˆa · pˆb (d− 2)
(
1 +
1
(x+ y)2
)
− 4 (1− x− y)
pˆa · pˆb (1− x) (x+ y) ,
(102)
and
Dcollggg =
4 π αs
2 (1− ε) CA
(
v2ggg − v2eik
)
. (103)
After the integration, we obtain
Vcollggg =
4 π αs
2 (1− ε) CA µ
2ε
∫
dξp
(
v2ggg − veik
)
=
1
Γ(1− ε)
αs
2π
CA
(
4 π µ2
2 pa · pb
)ε
×
∫ 1
0
dx 2 (1− x)
[
1 + x2
x2
(
−1
ε
+ 2 ln (1− x)
)
+
x (2− x)
(1− x)2 ln x
+
(
x
1− x −
1
x2
)]
. (104)
3.3.3 Soft and soft/collinear subtractions
We now turn to the discussion of the soft and soft/collinear singularities which arise
when the emitted parton is a gluon and which are contained in W
eikonal
ℓℓ −W ℓk, as given
in Eq. (63). There are contributions from initial–initial-, initial–final-, final–initial-,
and final–final-state interference terms, which we now discuss in turn.
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Initial–initial-state interference
In terms of the variables x and y defined in Section 3.3.2, the initial–initial-state inter-
ference term is given by
1
4 π αs
∆Wab =
2
(1− x) y pˆa · pb , (105)
so that
Difab = Ci∆Wab . (106)
For the simple scattering processes we consider in this paper, the colour algebra fac-
torises and leads to the colour factors Ci = CF (CA) for the qqg (ggg) splitting func-
tions.
Integrating this over the phase space of the unresolved parton, we obtain
V ifab = µ2 ε
∫
dξp∆Wab =
(
4 π µ2
2 pa · pb
)ε
αs
2 π
1
Γ(1− ε) Ci
×
∫ 1
0
dx
[
1
ε2
δ(1− x)− 2
ε
1
(1− x)+ −
π2
6
δ(1− x) − 2 ln x
(1− x)+
+4
(
ln(1− x)
1− x
)
+
]
. (107)
Initial–final-state interference
For the initial–final-state interference, we obtain
1
4 π αs
∆Wak =
2 (pˆa · pˆk) Qˆ2
(pˆa · pˆj)
(
(pˆj · pˆk)sˆ + 2 (pˆa · pˆj) (pˆk · Qˆ)
) (108)
and
Difak = Ci∆Wak. (109)
Using the initial-state integration measure given by Eq. (90), we have
V ifak = µ2 ε
∫
dξp(∆Wak) =
(
4 π µ2
2pa · pb
)ε
αs
2 π
1
Γ(1− ε) Ci
×
∫ 1
0
dx
{
1
ε2
δ(1− x) − 1
ε
[
2
(1− x)+ + δ(1− x) ln z˜0
]
+4
(
ln(1− x)
1− x
)
+
− 2 ln x
(1− x)+ + 4 δ(1− x) (ln z˜0) (ln 2) +
2
π
Ifin(x, z˜)
}
,
(110)
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with
Ifin(x, z˜) = π δ(1− x)×{∫ 1
0
dy′
(
z˜0
y′
√
4 y′2 (1− z˜0) + z˜20
ln
[
2
√
4 y′2 (1− z˜0) + z˜20
√
(1− y′)
2 y′ + z˜0 − 2 y′ z˜0 +
√
4 y′2 (1− z˜0) + z˜20
])
− ln 4 ln z˜0 + 1
4
(
Li2 (1− z˜0) + ln2 z˜0
) }
+
1
(1− x)+
∫ 1
0
dy′
y′
[∫ 1
0
dv√
v (1− v)
z˜
N(x, y′, z˜, v)
− 1
]
(111)
and
z˜ =
pa · pˆk
xpˆk · Qˆ
, z˜0 =
pa · pk
pk ·Q , N =
pˆj · pˆk
pˆk · Qˆ
1
1− x + y
′. (112)
Note that z˜ implicitly depends on x, y and v through momentum mapping. Further-
more, pˆk has to be obtained from pk using the transformation specified in Eq. (31) and
with Kˆ given by Eq. (88); pˆj is given by Eqs. (85), (86), and (87). z˜ = 0 corresponds
to a singularity in the m-particle phase space; this singularity should be excluded by
an appropriate infrared-safe jet function. As before, Ci = CF (CA) in the qqg (ggg)
splitting function.
Final–initial-state and final–final-state interference
The final–initial and final–final-state interference terms have the same structure, with
the only difference of pˆk = pˆℓ (final-state particle) and pˆk = pˆa (initial-state particle)
for the initial- and final-state integrals, respectively.
For interference terms with a final-state emitter and final-state momentum map-
ping, we obtain
1
4 π αs
∆W =
2 (pˆℓ · pˆk) (pˆℓ · Qˆ)
(pˆℓ · pˆj)
(
(pˆj · pˆk) (pˆℓ · Qˆ) + (pˆℓ · pˆj)(pˆk · Qˆ)
) (113)
and
Dif = Ci∆W . (114)
These are the general expressions for interference terms using the final-state mappings;
if the spectator is an initial-state particle, pˆk = pˆa.
We obtain for the integrated interference term with final-state spectators
V if = µ2 ε
∫
dξp (∆W ) =
(
2µ2 π
pℓ ·Q
)ε
αs
π
1
Γ(1− ε) Ci
(
1
2 ε2
+
1
ε
− π
2
4
+ 3
)
,
(115)
with Ci = CF (CA) in the qqg (ggg) splitting function.
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For interference terms where the spectator is the initial-state parton pˆa, we obtain
for the integrated subtraction term
V if = µ2 ε
∫
dξp (∆W ) =
(
2µ2 π
pℓ ·Q
)ε
αs
π
1
Γ(1− ε) Ci
×
{
1
2 ε2
+
1
ε
[
1 +
1
2
ln (a˜0 + 1)
]
− π
2
6
+ 3 − 2 ln 2 ln (a˜0 + 1) + 1
π
[
I
(b)
fin (a˜0) + I
(c)
fin (a˜)
]}
, (116)
with
I
(b)
fin (a˜0) =
π
2
[∫ 1
0
du
u
{
2 ln 2 +
1√
1 + 4 a˜0(1 + a˜0) u2
× ln
 (1− u)(
1 + 2 a˜0 u +
√
1 + 4 a˜0 (1 + a˜0) u2
)2


+2 ln 2 ln (1 + a˜0) +
1
2
ln2 (1 + a˜0) +
5
2
Li2
(
a˜0
a˜0 + 1
)
− 1
2
Li2
[(
a˜0
a˜0 + 1
)2]]
, (117)
I
(c)
fin (a˜) = π
∫ 1
0
du
u
∫ 1
0
dx
x
[
x (1− x+ u x [(1− u x) a˜ + 2])
k(u, x, a˜)
− 1√
1 + 4 a˜0 u2 (1 + a˜0)
]
. (118)
We have introduced
k2(x, u, a˜) = [(1 + ux − x)(z − z˜) + ux ((1− ux) a˜+ 1)]2
+4 u x z˜ (1− z) (1 + u x− x) ((1− ux) a˜+ 1) (119)
and
z =
x (1− u)
1− ux , z
′ = u x a˜, a˜ =
pa · nℓ
pa · pℓ + y pa · nℓ , a˜0 = a˜(y = 0) =
pa · nℓ
pa · pℓ . (120)
Note that the treatment of interference terms significantly differs from [31]; here, our
choice of momentum mapping leads to more complicated integrated interference terms,
the finite parts of which we choose to evaluate numerically.
3.4 Final expressions
Let us finally collect the formulae that are needed to address the scattering processes
considered in this paper. The NLO parton level cross section for any collider process
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is given by the sum of σLOab and σ
NLO
ab , with
σLOab =
∫
m
dσBab(pa, pb)
σNLOab =
∫
m+1
dσRab(pˆa, pˆb) +
∫
m
dσVab(pa, pb) +
∫
m
dσCab(pa, pb, µ
2
F ) . (121)
The hadronic cross section is obtained from the parton level cross section by convoluting
with parton distribution functions. The collinear counterterms
∫
m
dσCab(pa, pb, µ
2
F ) are
needed to absorb initial-state collinear singularities into a re-definition of the parton-
distribution functions; in the MS scheme, they are given by∫
m
dσCab(pa, pb, µ
2
F ) =
αs
2π
1
Γ(1− ε)
∑
c
∫ 1
0
dx
∫
m
dσBcb(xpa, pb)
1
ε
(
4πµ2
µ2F
)ε
P ac(x)
+
αs
2π
1
Γ(1− ε)
∑
c
∫ 1
0
dx
∫
m
dσBac(pa, xpb)
1
ε
(
4πµ2
µ2F
)ε
P bc(x) .
(122)
Here the P ab(x) are the Altarelli-Parisi kernels in four dimensions [45]; their explicit
form is given in Appendix C. We then obtain for the parton-level NLO contribution
σNLOab (pa, pb, µ
2
F ) =
∫
m+1
[
dσRab(pˆa, pˆb)− dσAab(pˆa, pˆb)
]
+
∫
m
[∫
dσVab(pa, pb) +
∫
1
dσAab(pˆa, pˆb) + dσ
C
ab(pa, pb, µ
2
F )
]
ε=0
, (123)
where
∫
1
dσAab + dσ
C
ab can be written as∫
m
[∫
1
dσAab(pˆa, pˆb) + dσ
C
ab(pa, pb, µ
2
F )
]
=
∫
m
dσBab(pa, pb)⊗ I(ε) +
∫ 1
0
dx
∫
m
dσBab(xpˆa, pb)⊗
[
Ka(x pˆa) + P (x, µ
2
F )
]
+
∫ 1
0
dx
∫
m
dσBab(pˆa, xpˆb)⊗
[
Kb(xpˆb) + P (x, µ
2
F )
]
. (124)
This equation defines the insertion operators I(ε), K(x), P (x;µF ) at the cross sec-
tion level, where we follow the standard notation introduced in Ref. [31]. Eq. (124)
can be divided into two parts: the first part is the universal insertion operator I(ε),
which contains the complete singularity structure of the virtual contribution and has
LO kinematics. The second part consists of the finite pieces that are left over after
absorbing the initial-state collinear singularities into a redefinition of the parton dis-
tribution functions at NLO. It involves an additional one dimensional integration over
the momentum fraction x of an incoming parton with the LO cross sections.
Obviously, the cross sections and all observables have to be defined in an infrared-
safe way through the introduction of jet functions; one should thus replace σLO and
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σNLO by the jet cross sections
σLO =
∫
dPSm(p1, · · · , pm) |Mm(p1, · · · , pm)|2 F (m)J (p1, · · · , pm)
σNLO =
∫
dPSm+1(pˆ1, · · · , pˆm+1) |Mm+1(pˆ1, · · · , pˆm+1)|2 F (m+1)J (pˆ1, · · · , pˆm+1)
+
∫
dPSm(p1, · · · , pm) |Mm(p1, · · · , pm)|2one-loop F (m)J (p1, · · · , pm) . (125)
In general, the jet function may contain θ-functions (which define cuts and correspond-
ing cross sections) and δ-functions (which define differential cross sections). Infrared
safety now requires that
F
(m+1)
J (p1, · · · , pj = λ q, · · · , pm+1)→ F (m)J (p1, · · · , pm+1) if λ→ 0
F
(m+1)
J (p1, .., pi, .., pj, .., pm+1)→ F (m)J (p1, .., p, .., pm+1) if pi → zp, pj → (1− z)p
F
(m)
J (p1, · · · , pm)→ 0 if pi · pj → 0 (126)
The first two conditions of Eq. (126) define the essential property of the jet function
that the jet observable has to be infrared and collinear safe for any number m of partons
in the final state, i.e. to any order in QCD perturbation theory. The last condition of
Eq. (126) guarantees that the Born-level cross section is well defined. To summarise,
we require that
F
(m+1)
J → F (m)J (127)
in the singular limits.
For processes where one or both incoming particles are leptons, the collinear coun-
terterms are set to zero and the parton distribution functions are replaced by δ-
distributions, i.e. f ewi/I = δ(1− ηi).4
In the following, we discuss the specific form of dσAab(pa, pb) which corresponds
to the subtraction term in the real-emission contribution of the process, as well as
the integrated d-dimensional counterterm
∫
1
dσAab(pa, pb). In general, the subtraction
term can be split in maximally four contributions for processes with maximally two
final-state particles in the leading-order contribution; in our scheme, each of these
contributions requires exactly one momentum mapping. We then have
dσAab(pˆa, pˆb) = dσ
A,a
ab (pˆa, pˆb) + dσ
A,b
ab (pˆa, pˆb) + dσ
A,k1
ab (pˆa, pˆb) + dσ
A,k2
ab (pˆa, pˆb) , (128)
where k1,2 now label the momenta of the outgoing particles in m-particle phase space.
The associated real-emission contributions can be obtained from considering possible
splittings in flavour space: the sum over flavours in each of the above contributions is
such that (fa, fki) = (fˆa + fˆkj , fˆki) for all combinations, i.e. we only consider flavour
mapping where fa = fˆa + fˆkj is physically allowed. We will denote this by a delta
function in flavour-space mapping δa;aˆ,jˆ. From initial-state splittings, we then have for
the single contribution with fixed initial and final-state flavours (in the following, we
4This of course only holds for the discussion of higher-order effects from strong interactions; for
electroweak processes, the inclusion of structure functions can not be neglected; c.f. [51] and references
therein.
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omit the jet functions for notational reasons; however, full expressions should always
be read according to Eq. (125) where all jet functions are included):
dσA,aab (pˆa, pˆb) =
Nm+1
Φm+1
∑
i=1,2,3
{
[Dgqq(pˆi)δg;q,qi +Dggg(pˆi)δg;g,gi ] |MBorn,g|2(x pˆa, pb; pn)
+ [Dqgq(pˆi)δq;g,qi + Dqqg(pˆi)δq;q,gi(pˆi)] |MBorn,q|2(x pˆa, pb; pn)
}
, (129)
where Nm+1 incorporates all symmetry factors of the m+1 process and Φm+1 = 2 sˆ is
the respective flux factor. D(pˆi) now signifies that pˆj = pˆi, andMBorn,g(q) corresponds
to the underlying Born matrix element for the process pa + pb →
∑
n pn with an
incoming gluon (quark) such that fa = g (q) and all other flavours unchanged, and
where n 6= i labels the momenta of the final state particles. The momentum mapping
is here given by Eqs. (36) and (38) respectively. Note that, while Dgqq and Dqgq
contain collinear singularities only, Dqqg and Dggg are split into a collinear and soft and
interference term as discussed in Section 3.3.3:
Dqqg(pˆi) = Dcollqqg(pˆi) + Dif(pˆi, pˆb)δfˆb,g +
∑
k 6= i
Dif(pˆi, pˆk)δfk,g, (130)
where D(pˆi, pˆk) now denotes an interference contribution where pˆk acts as a spectator.
An equivalent expression holds for Dggg(pˆi). The second term sums over all final-state
particles with k 6= i which are gluons. dσA,bab (pˆa, pˆb) is obtained from dσA,aab (pˆa, pˆb) by
interchanging a ↔ b in the corresponding expressions as well as in the flavour mapping
functions. All subtraction terms given here refer to the expressions in Section 3.3.2,
and to the expressions for initial-initial interference terms for Dif(pˆi, pˆb) and initial-final
interference terms for Dif(pˆi, pˆk) in Section 3.3.3.
For the final-state splittings, we have a similar expression
dσA,k1ab (pˆa, pˆb) =
Nm+1
Φm+1
∑
i=1,2,3
{
[Dgqq(pˆi)δg;q,qi +Dggg(pˆi)δg;g,gi ] |MBorn,g|2(pa, pb; pn)
+ [Dqqg(pˆi)δq;g,qi + Dqqg(pˆi)δq;q,gi(pˆi)] |MBorn,q|2(pa, pb; pn)
}
, (131)
where now the delta functions in flavour space are defined as δki;pˆi,pˆj , and MBorn,g(q)
corresponds to the underlying Born matrix element for the process pa+ pb → pn+ pki,
where now fki = g (q) and all other flavours unchanged, and where n 6= ki labels the
momentum of the remaining final-state particle. As before, Dqqg and Dggg contain both
collinear and interference terms, and we have
Dqqg(pˆi) = Dcollqqg (pˆi) +
∑
k=a,b
Dif(pˆi, pˆk)δfˆk,g +
∑
k 6= i
Dif(pˆi, pˆk)δfk,g (132)
and the same for Dggg. The mapping needed to define the subtraction terms is given by
Eqs. (21) and (24). All subtraction terms given here refer to the expressions in Section
3.3.1, and the expressions for the final-initial interference terms for Dif(pˆi, pˆa,b) or the
final-final interference terms for Dif(pˆi, pˆk) in Section 3.3.3.
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The integrated counterterms are generically given as∫
1
dσAab(pˆa, pˆb) =
∫
1
dσA,aab (pˆa, pˆb)+
∫
1
dσA,bab (pˆa, pˆb)+
∫
1
dσA,k1ab (pˆa, pˆb)+
∫
1
dσA,k2ab (pˆa, pˆb) .
(133)
The collection of the integrated counterterms is then straightforward: for each term
which has been subtracted in the real-emission part, the corresponding integrated con-
tribution to I, K, P needs to be added to the virtual contribution as in Eq. (123).
Finally, note that the expressions given in the following sections are derived on the
matrix-element level: ∫
1
|M|2m+1 →
∫
1
D|M|2m = V|M|2m; (134)
on the cross-section level, we additionally have to take the flux and combinatoric factors
into account, such that∫
1
dσAm+1;ab(pˆa, pˆb) =
Nm+1
2sˆ
∫
1
D|M|2m =
Nm+1
2sˆ
V|M|2m,∫
m
∫
1
dσAm+!;ab = Nm+1
∫
m
1
2sˆ
V|M|2m =
Nm+1
Nm
xV
∫
m
dσm . (135)
Here the factorsNm, Nm+1 account for possible symmetry factors of the specific process.
We then have the relation ∑
V = 1
x
Nm
Nm+1
(I + K + P ) (136)
between the integrated splitting functions V derived in the previous section and the
insertion operators I,K, P as defined in Eq. (124).
4 Application to physical processes
In the last section, we have presented the subtraction terms for the real emission
and their integrated counterparts for processes with up to two particles in the final
state. We will now use these expressions in well-known processes at NLO, showing that
indeed the singularity structures of the real-emission terms and one-loop contributions
is reproduced by the squared and averaged (one-particle integrated) splitting functions
of the parton shower [40] in the singular limits. We validate our scheme by showing
that the application of our subtraction terms reproduces standard results from the
literature for all processes. In more detail, we discuss single-W production (initial-state
qqg and qgq splittings, initial-initial state interference term), dijet production at lepton
colliders (qqg final-state splittings, final-final state interference term), gluon-induced
Higgs production in an effective theory description (ggg and gqq¯ initial-state splitting
functions, initial-initial state interference terms), Higgs decay to two gluons (ggg and
gqq¯ final-state splitting functions, final-final state interference terms) and a subprocess
of deep-inelastic scattering (DIS) (qqg initial and final-state splitting functions, initial-
final and final-initial state interference terms), c.f. Table 1. We find that the splitting
functions for the parton shower as described in [40, 41, 42], in combination with the
momentum mapping, are well suited as subtraction terms in NLO-QCD calculations.
The numerical evaluations of phase-space integrals in this section have been obtained
using routines from the Cuba library [52].
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Splitting function Process
gqq, initial state Higgs production
qqg, initial state single W, DIS
qgq, initial state single W
ggg, initial state Higgs production
initial initial interference single W, Higgs production
initial final interference DIS
gqq, final state Higgs decay
qqg, final state Dijet, DIS
ggg, final state Higgs decay
final final interference Higgs decay, Dijet
final initial interference DIS
Table 1: List of all splitting functions presented in Section 3.3 and test processes used
for the scheme validation in Section 4.
4.1 Single-W production
We start with a simple process: single-W production at a hadron collider. The tree-
level process here is given by
q(p1) q¯(p2) −→ W,
and real-emission processes include both quark- and gluon-induced cases
q(pˆ1) q¯(pˆ2) −→ W g(pˆ3), g(pˆ1) q(pˆ2) −→ W q(pˆ3).
This process contains both the q q¯ g as well as g q q¯ initial state splittings given by
Eqs. (92), (99) as well as the initial state interference term Eq. (106). All results for
tree-level and real-emission matrix elements are well known and have been taken from
the literature (e.g. [53]).
Tree-level contribution
The squared matrix element for the tree-level process qq¯′ →W is
| MB |2= g
2
12
| Vqq′ |2 M2W
where we have averaged over initial-state particle spins and colours. The one-particle
phase space is given by ∫
dPS1 = 2πδ
+(s−M2W )
with s being the partonic center-of-mass energy.
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Virtual correction
The virtual contribution in the MS renormalisation scheme is
2Re (MBM∗virt) ≡ | MV |2
= | MB |2 αs
2π
CF
1
Γ(1− ε)
(
4πµ2
Q2
)ε{
− 2
ε2
− 3
ε
− 8 + π2 +O(ε)
}
, (137)
and we have
σvirt =
αs
2π
CF
1
Γ(1− ε)
(
4πµ2
Q2
)ε{
− 2
ε2
− 3
ε
− 8 + π2
}
σLO. (138)
Real emission
The matrix element for the quark-induced NLO real-emission process qq¯′ → Wg is
given by
| MqR |2 = παs
√
2GFM
2
W | Vqq′ |2
32
9
tˆ2 + uˆ2 + 2M2W sˆ
tˆuˆ
=
8
9
g2παs | Vqq′ |2 tˆ
2 + uˆ2 + 2M2W sˆ
tˆuˆ
, (139)
where g and MW are related to the Fermi coupling constant GF by
GF√
2
= g
2
8M2
W
, and
we use sˆ = (pˆ1 + pˆ2)
2, tˆ = (pˆ1 − pˆ3)2, sˆ + tˆ + uˆ = m2W . The matrix element for the
gluon-induced process can be obtained by crossing symmetry
| MgR |2 =
1
3
g2παs | Vqq′ |2 sˆ
2 + uˆ2 + 2M2W tˆ
−sˆuˆ .
The two-particle phase space is∫
dPS2 =
∫
d3pˆW
(2π)32pˆ0W
d3pˆ3
(2π)32pˆ03
(2π)4δ(4)(Qˆ− pˆW − pˆ3).
Subtraction terms
In the quark-induced case, we need to consider two subtraction terms corresponding
to the gluon emission from q and q¯, respectively, which we label Dq1 and Dq2. Their
definition is given in Eqs. (92) and Eq.(106). We have
Dq1 = Dqqg +Difab =
4 π αs
2
CF
[
4 uˆ
tˆM2W
+
8 uˆsˆ
tˆ (uˆ+ tˆ)2
+
16sˆuˆ2
(tˆ2 + uˆ2)(tˆ+ uˆ)2
]
(140)
where we consider the case where pˆℓ = pˆ1, i.e. gluon emission from the incoming quark.
The subtraction term Dq2 can be obtained from Eq. (140) by the replacement tˆ ↔ uˆ.
As the Born matrix element is constant and we use a unit jet function, no momentum
mapping is required.
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After subtraction of the counterterms, the final expression for the two-particle cross
section at parton level is given by
σNLO {2}q =
1
2sˆ
∫
dPS2
{| MqR |2 − (Dq1 +Dq2) | MB |2} = 0. (141)
The splitting function in the gluon-induced case Dg is given by Eq. (99), and we obtain
σNLO {2}g =
∫
2
[
dσRε=0 − dσAε=0
]
=
1
2sˆ
∫
dPS2
{| MgR |2 −Dg | MB |2}
=
1
2sˆ
∫
dPS2
{
−1
3
g2παs
(2tˆ + uˆ)
sˆ
}
. (142)
Integrated subtraction terms
In the m-particle phase-space contribution, we now have to consider the contributions
from both quark- and gluon-induced real emission processes; note, however, that the
poles from the virtual contribution are completely cancelled by the integrated q q¯ g
splitting function. In this case, the corresponding integrated subtraction terms are
obtained from Eqs. (93), (107).
The collinear singularity needs to be cancelled by the universal collinear counter
term as explained in Section 3.4. We then obtain for the quark-induced case∫
1
dσNLO{1}q =
∫
1
dσBab (2Vqqg) +
∫
1
dσCab
=
∫
1
dσBab(pa, pb)⊗ Iq(ε) +
∫ 1
0
dx
∫
1
dσBab(xpa, pb)⊗
[
Kaq(xpa) +Pq(x, µ
2
F )
]
+ (a↔ b)
(143)
The corresponding I, K and P terms are
Iq(ε) =
αs
2π
CF
1
Γ(1− ε)
(
4πµ2
Q2
)ε(
2
ε2
+
3
ε
− π
2
3
+O(ε)
)
Kaq(xpa) =
αs
2π
CF
1
Γ(1− ε)
[
−(1− x) ln x+ 2(1− x) ln(1− x) + 4x
(
ln(1− x)
1− x
)
+
− 2x ln x
(1− x)+
−
(
1 + x2
1− x
)
+
ln
(
4πµ2
2xpa · pb
)]
Pq(x, µ
2
F ) =
αs
2π
CF
1
Γ(1− ε)
(
1 + x2
1− x
)
+
ln
(
4πµ2
µ2F
)
We immediately see that the singularities in | MV |2 and I(ε) cancel.
The integrated subtraction term for the gluon-induced case is given by Eq. (100),
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and combined with the corresponding collinear counterterm, we have∫
1
dσNLO{1}g =
∫
1
dσBabVqgq +
∫
1
dσCab
=
∫ 1
0
dx
∫
1
dσBab(xpa, pb)⊗
[
Kg(xpa) +Pg(x, µ
2
F )
] (144)
where
Kg(xpa) =
αs
2π
1
Γ(1− ε)
{
TR(6x− 5x2 − 1) + [2 ln(1− x)− ln(x)]P gq(x)
− P gq(x) ln
(
4πµ2
2xpa · pb
)}
,
Pg(x, µ
2
F ) =
αs
2π
1
Γ(1− ε)P
gq(x) ln
(
4πµ2
µ2F
)
,
P gq(x) = TR
[
x2 + (1− x)2] , TR = 1
2
.
Results
The complete partonic cross section for the single-W production at NLO can then be
obtained by combining Eqs. (138), (143), (144), (141), and (142):
σNLO = σvirt + σNLO{1}q + σ
NLO{1}
g + σ
NLO{2}
q + σ
NLO{2}
g .
Comparison with a calculation in the Catani-Seymour scheme reveals that in the two
schemes the finite terms are attributed to different parts, but the complete contribu-
tions of course agree. For a comparison, we implemented both schemes in a private
code; Fig. 5 shows the relative difference between the two schemes as a function of the
hadronic center of mass energy, convoluted with parton distribution functions. The
schemes are equivalent, with agreement which is consistent with zero on sub-per-mil
level.
30
σNLO − σBorn
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Figure 4: Relative NLO correction (σNLO− σBorn)/σBorn to single-W production at the
LHC as a function of the hadron center of mass energy. The result was obtained using
the CTEQ6M parton distribution function [54].
σCS − σNS
σCS
−0.001
−5×10−4
0
5×10−4
0.001
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Shadr[TeV]
Figure 5: Relative difference between NLO corrections to single-W production using
the Catani-Seymour (CS) and our subtraction scheme based on Nagy-Soper splitting
functions (NS), as a function of the hadronic center of mass energy. The results agree
at the sub-per-mil level, shown are the numerical integration errors.
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4.2 Dijet production
We next consider dijet production at NLO. In this process, the subtraction terms are
final state q q g splitting and the final-final interference terms, given by Eqs. (71), (114).
The integrated counterparts can be obtained from Eqs. (72), (115). We here closely
follow the procedure in [31], i.e. we calculate the prefactor which relates the NLO and
LO cross section via
σNLO =
3
4
αs
π
CFσ
LO . (145)
We average over the event orientation in the leading-order process; in this case, the
momentum dependence of the Born contribution vanishes.
Tree-level contribution
We normalise the leading-order matrix element such that the phase space is given by∫
dPS2 =
∫
dy δ(1− y), y = 2p1 · p2
Q2
σLO = | M2 |2
∫
dy δ(1− y)F (2)J
and p1, p2 are the momenta of the final state partons.
Virtual contribution
The one-loop matrix element in the MS renormalisation scheme is given by
2Re (M2M∗virt) ≡ |MV |2
= | M2 |2 αs
2π
CF
1
Γ(1− ε)
(
4πµ2
Q2
)ε{
− 2
ε2
− 3
ε
− 8 + π2 +O(ε)
}
and we have
dσV =
αs
2π
CF
1
Γ(1− ε)
(
4πµ2
Q2
)ε{
− 2
ε2
− 3
ε
− 8 + π2
}
dσLO . (146)
Real emission
The matrix element for the NLO real-emission process
e+e− → q(pˆ1) q¯(pˆ2) g(pˆ3)
in four dimensions is given by
| M3 |2 = CF 8παs
Q2
x21 + x
2
2
(1− x1)(1− x2) | M2 |
2 ,
where we have used xi =
2pˆi·Qˆ
Qˆ2
and | M2 |2 is the LO matrix element for the process
e+e− → q + q¯. For the phase-space integration, we use∫
dPS3 =
Q2
16π2
∫ 1
0
dx1dx2Θ(x1 + x2 − 1).
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Subtraction terms
The calculation of the subtracted splitting function contains two contributions, D1 and
D2, which correspond to emission from the quark and the anti-quark, respectively.
They are given by Eqs. (69) and (114). We obtain
D1 = 4
Qˆ2
{(
1
x2
)[
2
(
x1
x3
− 1− x2
x23
)
+
1− x1
1− x2
]
+ 2
(
1− x3
1− x2
)
x1
(1− x1)x1 + (1− x2)x2
}
, (147)
where we have used Qˆ = pˆ1+ pˆ2+ pˆ3 = Q, x1+x2+x3 = 2, and Q
2 = Qˆ2 is the square
of the center-of-mass energy. The contribution D2 can be obtained from Eq. (147) by
the replacement x1 ↔ x2. The final expression for the three-parton cross section is
then given by
σNLO {3} =
∫
3
[
dσRε=0 − dσAε=0
]
=
∫
dPS3
{
| M3 |2 F (3)J −
(
4παs
2
)
CF
(
D1F (2)J (1) +D2F (2)J (2)
)
| M2 |2
}
=
(αs
2π
CF
)
| M2 |2
∫ 1
0
dx1dx2Θ(x1 + x2 − 1)
{
x21 + x
2
2
(1− x1)(1− x2)F
(3)
J
−
[(
1
x2
)(
2
(
x1
x3
− 1− x2
x23
)
+
1− x1
1− x2
)
+ 2
(
1− x3
1− x2
)
x1
(1− x1)x1 + (1− x2)x2
]
F
(2)
J (1)
−
[(
1
x1
)(
2
(
x2
x3
− 1− x1
x23
)
+
1− x2
1− x1
)
+ 2
(
1− x3
1− x1
)
x2
(1− x1)x1 + (1− x2)x2
]
F
(2)
J (2)
}
, (148)
where F
(2)
J (i) signifies that pℓ = pi in the corresponding mappings in the jet functions.
For any infrared-safe observable, F
(3)
J (i) → F (2)J as xi approaches 1, and the above
expression is finite. For unit jet functions, it reduces to
σNLO {3} =
αs
2π
CF
(
23
2
− 4
3
π2
)
σLO . (149)
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Integrated subtraction terms
The integrated collinear and soft subtractions are given by Eqs. (72) and (115):
2
(
4παs
2
)
µ2εCF
∫
dξp
(
v2qqg − v2eik
)
=
αs
2π
CF
1
Γ(1− ε)
(
4πµ2
Q2
)ε(
−1
ε
− 14 + 4π
2
3
+O(ε)
)
2
(
4παs
2
)
µ2εCF
∫
dξp
(
v2eik − v2soft
)
=
αs
2π
CF
1
Γ(1− ε)
(
4πµ2
Q2
)ε(
2
ε2
+
4
ε
+ 12− π2 +O(ε)
)
. (150)
Combining these two contributions with the virtual cross section, we obtain a finite
expression for the two-parton cross section:
σNLO {2} =
∫
2
[
dσV +
∫
1
dσA
]
ε=0
=
∫
dPS2
{| MV |2 +2 (Vqqg − V if12) | M2 |2}F (2)J
=
αs
2π
CF
(
−10 + 4π
2
3
)
| M2 |2
∫
dy δ(1− y)F (2)J
=
αs
2π
CF
(
−10 + 4
3
π2
)
σLO . (151)
Result
Summing Eq. (149) and Eq. (151), we obtain for unit jet functions
σNLO = σNLO {2} + σNLO {3} =
3
4
αs
π
CFσ
LO
which agrees with the standard result in the literature. Note that, although the
angularly-averaged tree-level matrix element is independent of the parton momenta,
non-unit jet functions need to account for the mappings from m+ 1 to m phase space
as specified in Section 3.1.1.
4.3 Gluon-induced Higgs production
In this section, we discuss the NLO corrections to gluon-induced Higgs production,
where the leading-order contribution has been derived in an effective theory approach
[55, 56, 57, 58]. This involves ggg and gqq¯ initial-state subtraction terms given by
Eqs. (103), (95) as well as the initial-initial interference term Eq. (106) and their
integrated counterparts Eqs. (104), (96), (107).
The real-emission contributions in this process are
gg → gH, qg → qH, qq¯ → gH,
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such that the full NLO QCD cross section includes∫
dσNLO =∫
dσqq¯→gH +
∫
dσqg→qH +
∫
dσgg→gH +
∫
dσV +
∫
dσcoll +
∫
dσch +
∫
dσeff ,
(152)
where
∫
dσch,
∫
dσeff are contributions from charge renormalisation and the matching
of the effective to the full theory, respectively. In the following, we use unit jet functions
throughout the whole calculation.
Tree-level contribution
The lowest-order cross section was first presented in [59, 60]. From the QCD La-
grangian, we obtain for the one-loop induced Hgg coupling the following expression
for the total cross section, where the δ-function accounts for the one-particle final state:
σ0(sˆ)(gg → H) = α
2
s
π
M2H
256v2
|A|2 δ (sˆ−M2H) ,
|A|2 =
∣∣∣∣∣∑
q
τq (1 + (1− τq)f(τq))
∣∣∣∣∣
2
,
τq =
4M2q
M2H
,
GF√
2
=
g2
8M2W
, v2 =
4M2W
g2
=
1√
2GF
= (246GeV)2 ,
where
f(τq) =

[
sin−1
(√
1/τq
)]2
if τq ≥ 1
−1
4
[
ln
(
1+
√
1−τq
1−
√
1−τq
)
− iπ
]2
if τq < 1
and sˆ is the partonic center-of-mass energy,Mq the pole mass of the heavy quark (which
we assume to be the top quark), and MH the Higgs boson mass. In the limit that the
top-quark mass is infinitely large, τq →∞, A→ 23 and
σ0(sˆ)(gg → H)→ α
2
s
π
M2H
576v2
δ
(
sˆ−M2H
)
. (153)
Note that the cross section is here given in d = 4 dimensions; the d = 4 − 2 ε
dimensional cross section is related by σ
(d)
0 = σ0/(1− ε).
The cross section to O(α3s) for gg → H in the limit Mt ≫ MH can be obtained
from the effective Lagrangian
Leff = αs
12π
GAµνG
µνA ln
(
1 +
H
v
)
=
αs
12πv
HGAµνG
µνA + · · ·
where GAµν is the gluon field strength tensor and the index A is the colour degree of
freedom of the gluon field (which runs over 1 · · ·8). All processes considered here and
the corresponding Feynman rules have been obtained using this effective Lagrangian.
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Virtual matrix element, charge renormalisation, and effective Lagrangian
correction
The one-loop matrix element in d = 4 − 2ε dimensions in the MS renormalisation
scheme is given by
2Re (MLOM∗virt) ≡ |MV |2
=|MLO|2 αs
2π
CA
(
4πµ2
M2H
)ε
Γ(1 + ε)
(
− 1
ε2
+
2
3
π2 +O(ε)
)
× 2 , (154)
where
|MLO|2 = α
2
sM
4
H
576π2v2
1
(1− ε)
is the d-dimensional leading-order squared matrix element. For the total cross section
σvirt = σ0
αs
π
(
4 πµ2
M2H
)ε
Γ (1 + ε) CA
[
− 1
ε2
− 1
ε
− 1 + 2
3
π2
]
, (155)
where now σ0 denotes the four-dimensional LO cross section as given in Eq. (153). We
also need to take charge renormalisation into account; the charge counterterm in the
MS renormalisation scheme is (see e.g. [61, 62])
σch = (4Zg) σ
(d)
0 (156)
where
Zg = −αs
2 ε
(
4πµ2
µ2F
)ε
b0 Γ(1 + ε)
(
µ2F
µ2
)ε
,
b0 =
1
2 π
(
11
6
CA − 2
3
nf TR
)
=
1
2 π
β0 (157)
and nf is the number of light quarks. Finally, we have to add the O(αs) correction to
the matching coefficient which relates the effective Lagrangian to the full theory,
σeff = σ0
αs
π
11
2
. (158)
Real emission
The real-emission contributions relevant for this process are given by
g(pˆa)g(pˆb)→ g(pˆ1)H, q(pˆa)g(pˆb)→ q(pˆ1)H, q(pˆa)q¯(pˆb)→ g(pˆ1)H,
and the Mandelstam variables as defined as
sˆ = (pˆa + pˆb)
2 , tˆ = (pˆa − pˆ1)2 , uˆ = M2H − sˆ− tˆ .
Pole cancellations occur between the purely gluon-induced real emission process and
the virtual contribution; all other processes contain at most collinear divergences which
are eliminated by the addition of collinear counterterms.
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For the real-emission matrix elements, we obtain for NLO gg → gH in four dimen-
sions
|M(gg → gH)|2 = α
3
s
v2
32
3π
M8H + sˆ
4 + tˆ4 + uˆ4
sˆtˆuˆ
,
which has singularities when tˆ → 0 or uˆ → 0. The spin and colour averages yield an
additional factor 1/2/(1− ε)× 1/2/(1− ε)× 1/8× 1/8 = 1/256/(1− ε)2.
The quark-gluon induced contribution is given by
|M(qg → qH)|2 = −16
9
α3s
πv2
sˆ2 + uˆ2
tˆ
,
which has a singularity when tˆ→ 0. The spin and colour averages yield an additional
factor 1/2× 1/2/(1− ε)× 1/3× 1/8 = 1/96/(1− ε).
The purely quark-induced matrix element can be obtained from this by crossing
symmetry, and we have
|M(qq¯ → gH)|2 = 16
9
α3s
πv2
tˆ2 + uˆ2
sˆ
,
which is completely finite. The spin and colour averages yield an additional factor
1/2× 1/2× 1/3× 1/3 = 1/36.
Subtraction terms
We only need to consider subtractions for the gg and qg induced cases; these are given
by Eqs. (103), (95), and (106) respectively. Combining them with the real emission
matrix elements and integrating over phase space, we obtain
σNLO,2(gg → gH) = 1
2sˆ
∫
dPS2
{|M(gg → gH)|2 − (Dggg +Dif12) |MLO|2}
=
1
384sˆ
(
α3s
π2v2
)(
1− M
2
H
sˆ
)
×{
4sˆ(2M4H − 2M2H sˆ+ sˆ2)
(M2H − sˆ)2
ln
(
sˆ
M2H
)
+
M4H + 34M
2
H sˆ+ sˆ
2
3sˆ
+
4M2H sˆ
M2H − sˆ
}
(159)
and
σNLO,2(qg → qH) = 1
2sˆ
∫
dPS2
{|M(qg → qH)|2 −Dgqq |MLO|2}
=
1
1728sˆ
(
α3s
π2v2
)(
1− M
2
H
sˆ
)(
3M2H + sˆ+ 4sˆ ln
(
sˆ
M2H
))
.
(160)
As the Born contribution is constant and we are using unit jet functions, we do not
need to apply any momentum mappings.
The finite contribution from the quark-induced case is
σNLO,2(qq¯ → gH) = 1
2sˆ
∫
dPS2 |M(qq¯ → gH)|2 = 1
486
(
α3s
π2v2
)(
1− M
2
H
sˆ
)3
.
(161)
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Integrated subtraction terms
The integrated subtraction terms for the gluon- and quark-induced cases are given in
Eqs. (104), (96), (107). After addition of the collinear counterterm, we have for the
gluon-induced case
dσNLO,1gg =
∫ 1
0
dxdσ0(xpa, pb)
[Vggg(pa) + V ifab(pa)]
+
∫ 1
0
dxdσ0(pa, xpb)
[Vggg(pb) + V ifab(pb)]+ dσC(pa, pb, µ2F ) + dσch
= dσ0(pa, pb)⊗ Igg(ε) +
∫ 1
0
dxdσ0(xpa, pb)⊗
[
Kagg(xpa) +Pgg(x, µ
2
F )
]
+(a↔ b) (162)
where V(pi) signifies that pℓ = pi in the respective integrated counterterm and where
Igg(ε) =
αs
2π
CA
1
Γ(1− ε)
(
4πµ2
Q2
)ε(
2
ε2
− π
2
3
)
,
Kagg(xpa) =
αs
2π
CA
1
Γ(1− ε)
{
Agg(x, ε
0)
−2
(
x
(1− x)+ + x(1− x) +
1− x
x
)
ln
(
4πµ2
2 x pa · pb
)}
− αs
2π
1
Γ(1− ε) δ(1− x)
(
11
6
CA − 2
3
nf TR
)
ln (4 π) ,
Pgg(x, µ
2
F ) =
αs
2π
1
Γ(1− ε)Pgg(x) ln
(
4πµ2
µ2F
)
with
Agg(x, ε
0) = 4x
(
ln(1− x)
1− x
)
+
− 2x(1− x) lnx+ 4(1− x) ln(1− x)
(
1 + x2
x
)
+2
(
x2 − 1− x
x
)
,
Pgg(x) = 2CA
(
x
(1− x)+ + x(1− x) +
1− x
x
)
+ δ(1− x)
(
11
6
CA − 2
3
nf TR
)
.
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Integration over phase space yields
σNLO,1gg =
1
576
(
α3s
v2 π2
)
CA
1
Γ(1− ε) ×{(
4 π µ2
M2H
)ε(
1
ε2
+
1
ε
+ 1 − π
2
6
)
δ(1− z) + 4
[(
ln(1− z)
1− z
)
+
−z (2− z (1− z)) ln(1− z)
]
+2
[
z3 − (1− z)] − 2 [ z2
(1− z)+ + z
2 (1− z) + (1− z)
]
ln
µ2F
sˆ
+2
[
z2
(1− z)+ + (1− z)
]
ln z +
1
CA
δ(1− z)
(
11
6
CA − 2
3
nfTR
)
ln
µ2
µ2F
}
,
(163)
where we introduced z = M2H/sˆ. For the contribution from the qg-induced case, we
obtain
dσNLO,1qg =
∫ 1
0
dxdσBab(xpa, pb)
[Vgqq(pa) + V ifab(pa)]+ σCab(pa, pb, µ2F )
=
∫ 1
0
dxdσBab(xpa, pb)⊗
[
Kqg(xpa) +Pqg(x, µ
2
F )
]
,
where
Kqg(xpa) =
αs
2π
1
Γ(1− ε)
{
Aqg(x, ε
0)CF − Pgq(x) ln
(
4πµ2
2 x pa · pb
)}
,
P(x, µ2F ) =
αs
2π
1
Γ(1− ε)Pgq(x) ln
(
4πµ2
µ2F
)
,
Pgq(x) = CF
1 + (1− x)2
x
.
Aqg(x, ε
0) is given by
Aqg(x, ε
0) =
x2 − 2(1− x)
x
− x ln x+ 2 ln(1− x)
(
1 + (1− x)2
x
)
.
Integration over phase space then yields
σNLO,1qg =
α3s
v2 π2
z
1152
{
CF
[
z2 − 2 (1− z)
z
− z ln z
]
+Pgq(z)
[
2 ln (1− z) + ln
(
M2H
µ2F
)]}
. (164)
Result
In this subsection, we again summarise the results we obtain from the different sub-
processes of gluon-induced Higgs production; we find total agreement with the results
39
in [59, 60]. We have
σNLO,2qq¯ =
1
486
(
α3s
π2v2
)
(1− z)3 ,
σNLO,1qg + σ
NLO,2
qg =
1
576
(
α3s
π2v2
) {
−(1 − z)
(
7− 3 z
3
)
+
1
2
z Pgq(z)
[
1 + ln
(
M2H (1− z)2
z µ2F
)]}
,
σNLO,1gg + σ
NLO,2
gg + σvirt + σeff =
1
576
(
α3s
π2v2
) {
δ(1− z)
[
11
2
+ π2 +
(
11
6
CA − 2
3
nfTR
)
ln
µ2
µ2F
]
+12
[(
ln(1− z)
1− z
)
+
− z (2− z (1− z)) ln(1− z)
]
− 11
2
(1− z)3
− z Pgg(z) ln µ
2
F
sˆ
}
.
4.4 Higgs decay to gluons
This process is used to validate the final-state collinear splitting functions g → g g, g →
q q¯, Eqs. (82), (74), (83), (75) as well as the final-final state interference term Eqs. (114),
(115). Besides the virtual correction to the vertex, both H → g g g and H → g q q¯
contribute to the real radiation terms for this process.
Leading-order contribution
The leading-order squared and averaged matrix element for the process H → g g in
d = 4− 2ε dimensions is given by
|MLO|2 = 2
9
α2sM
4
H
π2v2
(1− ε);
integration over the two-particle phase space then yields
ΓLO(H → gg) = GF M
3
H α
2
s
36
√
2 π3
(1− ε). (165)
Virtual correction, charge renormalisation, and effective theory correction
term
The virtual matrix element is given by Eq. (154)
2Re (MLOM∗virt) ≡ |MV |2
= |MLO|2 αs
2π
CA
(
4πµ2
M2H
)ε
Γ(1 + ε)
(
− 1
ε2
+
2
3
π2 +O(ε)
)
× 2
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which gives
Γvirt = ΓLO
αs
π
CA
(
4πµ2
M2H
)ε
Γ(1 + ε)
(
− 1
ε2
+
2
3
π2 +O(ε)
)
. (166)
The charge renormalisation term is given as in Eq. (156)
Γch = (4Zg) ΓLO(H → gg)
= −ΓLO 1
Γ(1− ε)
(
4πµ2
µ2F
)ε (αs
π
)
β0
1
ε
− ΓLO
(αs
π
)
β0 ln
µ2F
µ2
,
(167)
where we used that Γ(1 − ε) Γ(1 + ε) = 1 + O(ε2). We also need to add the NLO
correction to the matching coefficient
Γeff = ΓLO
11
2
. (168)
Real emission
For the real-emission contributions, both
H → g g g, H → g q q¯
need to be considered. The squared matrix element for H(Qˆ) → g(pˆ1)q(pˆ2)q¯(pˆ3) is
given by
|M(H → gqq¯)|2 = 16
9
α3s
πv2
(pˆ1 + pˆ2)
4 + (pˆ1 + pˆ3)
4
(pˆ2 + pˆ3)2
=
16
9
α3s
πv2
Qˆ2
(x1 + x2 − 1)2 + (1− x2)2
(1− x1) ,
where we used xi =
2pˆi·Qˆ
Qˆ2
and with Qˆ2 = Q2 = M2H . The corresponding subtraction
term is given by Eq. (74)
Dgq q¯ = Dgqq |MLO|2 × 2 = 16
9
α3s
πv2
Qˆ2
1
1− x1
[
1− 2 (1− x2) (1− x3)
x21
]
,
where the factor 2 arises because each of the gluons in the leading order contribution
can split into a quark-antiquark pair. Note again that, in the case of non-unit jet
functions, this factor needs to be replaced by
2 → F (2)(pg1) + F (2)(pg2) (169)
where F (2)(pi) denotes
pi ≡ pℓ = pˆ2 + pˆ3 − y
1− y pˆ1
in the respective mappings. Integrating over the three-particle phase space and sum-
ming over final state quark flavours yields
dΓ(H → gqq¯) = 1
2MH
∫
dPS3
∑
q
(|M(H → gqq¯)|2 −Dgqq¯) = ΓLOαs
π
(
− 5
18
nf
)
.
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For the purely gluonic decay, we obtain for H(Qˆ)→ g(pˆ1)g(pˆ2)g(pˆ3),
1
3!
|M(H → ggg)|2 =
α3s
πv2
32
3
1
3!
{
2s2123s12
s13s23
+
2s2123s13
s12s23
+
2s2123s23
s12s13
+
2s12s13
s23
+
2s12s23
s13
+
2s13s23
s12
+ 8s123
}
where
sij = (pˆi + pˆj)
2 , s123 = (pˆ1 + pˆ2 + pˆ3)
2 ,
x =
s12
s123
, y =
s13
s123
, z =
s23
s123
.
In the subtraction terms, we have to sum over pˆj, j = 1, 2, 3:
(pˆj, pˆℓ) = (pˆ1, pˆ2), (pˆj, pˆℓ) = (pˆ1, pˆ3), (pˆj, pˆℓ) = (pˆ2, pˆ3),
where we have the transformations
pℓ = pˆℓ + pˆj − y
1− y pˆk, pk =
1
1− y pˆk
and we have to account for the fact that pk = (pg1, pg2) for each of the above scenarios.
For the soft subtraction term, we therefore obtain
Ds =
1
3
∑
Dif [(pˆℓ, ·pˆj)] |MLO|2 = α
3
s
πv2
32
3
1
3!
{
2s2123s12
s13s23
+
2s2123s13
s12s23
+
2s2123s23
s12s13
}
,
(170)
where Dif is given by Eq. (114) and the sum runs over all possible combinations.
The factor 1/3 in the above sum reflects the fact that the final-state gluons are indis-
tinguishable5, and we implicitly included a factor 2 in this expression which, in case of
non-unit jet functions, needs to be modified according to Eq. (169). For the collinear
5In principle, the real emission matrix element includes all possible 3! combinations of (pˆℓ, pˆj , pˆk);
for each of these, the matrix factorises according to
Mreal → vMLO
in the singular limits. We obtain a symmetry factor 1
3!
in front of the squared matrix element; however,
the factorised splitting function is the same for pˆℓ ↔ pˆk, which effectively leads to a factor 23! = 13 .
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contribution, we have
Dc =
1
3
∑
Dggg [(pˆℓ, pˆj)] |MLO|2
=
4
3
α3s
πv2
Qˆ4
1
3
{
4s12s13
s23(s12 + s13)2
[
2− 4s23Qˆ
2
(s12 + s23)(s13 + s23)
+
[
2s23Qˆ
2
(s12 + s23)(s13 + s23)
]2
+
4s12s23
s13(s12 + s23)2
2− 4s13Qˆ2
(s12 + s13)(s13 + s23)
+
[
2s13Qˆ
2
(s12 + s13)(s13 + s23)
]2
+
4s13s23
s12(s13 + s23)2
2− 4s12Qˆ2
(s12 + s23)(s12 + s13)
+
[
2s12Qˆ
2
(s12 + s23)(s12 + s13)
]2
 ,
where Dggg is given by Eq. (82).
Integrating over the three-particle phase space yields
ΓNLO,3ggg =
1
2MH
∫
dPS3
(|M(H → ggg)|2 −Dc −Ds) = ΓLO αs
π
(−214 + 27π2
24
)
.
(171)
Integrated subtraction terms
The two-particle phase-space contribution from the integrated gqq¯ splitting function,
Eq. (75), yields
ΓNLO,2gqq¯ = ΓLO
αs
π
TR
1
Γ(1− ε)
(
4πµ2
M2H
)ε
nf
(
− 2
3ε
− 16
9
)
,
where we have summed over final-state quark flavours and used 2 pℓ · Q = M2H for
l = 1, 2 being the gluon indices in the two-particle phase space. For ggg splitting, we
use Eqs. (83) and (115) for the integrated splitting function contributions to obtain
ΓNLO,2ggg = ΓLO
αs
2π
CA
1
Γ(1− ε)
(
4πµ2
M2H
)ε(
2
ε2
+
11
3ε
+
163
9
− 7
4
π2
)
. (172)
Result
Combining all contributions to the total decay width at NLO, we have
ΓLO + Γ
virt + ΓNLO,2g q¯ q + Γ
NLO,2
ggg + Γ
NLO,3
g q¯ q + Γ
NLO,3
ggg + Γch + Γeff =
= ΓLO
[
1 +
αs
π
[(
95
4
− 7
6
nf
)
+
(
11
6
CA − 2
3
nfTR
)
ln
µ2
M2H
]]
, (173)
which reproduces the result in the literature [63].
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4.5 Deep inelastic scattering
For a check of the (integrated) initial-final and final-initial interference terms given by
Eqs. (109), (114), (110), and (116), we consider a subprocess of deep-inelastic scatter-
ing:
e−(pi) + q(p1) −→ e−(po) q(p2) (174)
at NLO, with a pure photon exchange in the t -channel. This suffices to test the validity
of initial-final and final-initial state interference terms, therefore completing our check
of all integrated subtraction terms for LO processes with up to two particles in the
final state.
4.5.1 Tree-level contribution
Matrix element
For the process (174), we have
1
4
∑
|M|2Born = 2 e4Q2q
u2 + s2
t2
, (175)
where s = (pi+p1)
2 = (po+p2)
2, t = (pi−po)2 = (p1−p2)2, u = −s− t. Note that
the singularity t = 0 needs to be regularised by a proper definition of the jet function.
Phase space
The two particle phase space is given by
dΓ2 =
(∏
i=1,2
d3pi
(2π)32p0i
)
(2π)4 δ(4)(pi − (p1 + p2)) = dΩ1
8 (2π)2
.
4.5.2 Virtual matrix element
The loop correction to the vertex is
Mvirt = CF αs
4π
1
Γ(1− ε)
(
4π µ2
−p2in
)ε (
− 2
ε2
− 3
ε
− 8 + O(ε)
)
MBorn, (176)
and we obtain
|MV |2 ≡ 2Re (MBornM∗virt)
= |MBorn|2 2αs
3 π
1
Γ(1− ε)
(
4πµ2
2 pi · po
)ε {
− 2
ε2
− 3
ε
− 8 + O(ε)
}
= |MBorn|2 2αs
3 π
{
− 2
ε2
− 1
ε
(3 + 2 ln K − 2 γ)− 8 − 3 (ln K − γ)
− ln2 K + 2 γ ln K + π
2
6
− γ2
}
(177)
where K = 2 π µ2/(pi · po).
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4.5.3 Real emission
For a check of the remaining interference terms, the only relevant real-emission process
we need to take into account is the quark-induced channel
e−(pˆi) + q(pˆ1) −→ e−(pˆo) q(pˆ4)g (pˆ3). (178)
A complete discussion would also include gluon-induced processes; however, the cor-
responding (integrated) subtraction terms Eqs. (95), (96) have already been discussed
in the context of single-W production in Section 4.1, and are therefore not considered
here.
Matrix element
The squared and spin-averaged matrix element for the real emission process is
1
4
∑
spins
|M|2 = 8 π αs e
4Q2q
(p1 · p3) (p3 · p4) (pi · po) CF
[
(pi · p1)2 + (pi · p4)2
+ (po · p1)2 + (po · p4)2
]
.
Three-particle phase space
In our code, we follow the three-particle phase-space parametrisation of [64]. We then
obtain for the outgoing four-vectors6
pˆ3 = |pˆ3|

1
sin θ
0
cos θ
 , pˆo = |pˆo|

1
cos θ cos η sin ξ + sin θ cos ξ
sin η sin ξ
cos θ cos ξ − sin θ cos η sin ξ
 ,
pˆ4 =
( √
s− |pˆ3| − |pˆo|
−pˆ3 − pˆo
)
, (179)
where
cos ξ =
|pˆ4|2 − |pˆ3|2 − |pˆo|2
2 |pˆ3| |pˆo| , pˆ4 = Qˆ− pˆ3 − pˆo.
The three-particle phase space is∫
dΓ3 =
1
8 (2π)5
∫ √sˆ/2
0
dpˆ03
∫ √sˆ/2
√
sˆ/2−pˆ0
3
dpˆ0o
∫ 1
−1
d cos θ
∫ 2π
0
dϕ
∫ 2π
0
dη. (180)
6We are aware that a more detailed analysis could be optimised by a more process-specific
parametrisation of phase space which specifically maps the singularity structures, in combination with
a multi-channel integration as e.g. VAMP [65]; however, for our purposes this simple parametrisation
proved sufficient.
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4.5.4 Subtraction terms
Initial-state subtraction
The initial-state subtraction is given by Eqs. (92) and (109):
D1,3 =
4 π αs
x y pˆ1 · pˆi CF
(
1− x− y + 2 z˜ x
v (1− x) + y
)
|MBorn(p)|2
where |MBorn|2 is given by Eq. (175) and with
x =
pˆo · pˆ4
pˆi · pˆ1 , y =
pˆ1 · pˆ3
pˆ1 · pˆi , z˜ =
pˆ1 · pˆ4
pˆ4 · Qˆ
, v =
(pˆ1 · pˆi) (pˆ3 · pˆ4)
(pˆ4 · Qˆ) (pˆ3 · Qˆ)
. (181)
The final-state momenta p4, po are mapped according to the corresponding transfor-
mation specified below.
Initial-state kinematics: momentum mapping
The momentum mapping needed here has been specified in Section 3.1.2; for the initial-
state momenta, we obtain
p1 = x pˆ1, pi = pˆi.
The four-vectors of the outgoing particles are transformed using (w = o, 4)
p˜µw = Λ
µ
ν(K, Kˆ)p
ν
w,
where Λ(K, Kˆ) is defined according to Eq. (17) and with
K = x pˆ1 + pˆi, Kˆ = pˆ1 + pˆi − pˆ3 .
Final-state subtraction
The final-state subtraction term is given by Eqs. (71) and (114)
D4,3 =
4 π αsCF
y (pˆi · pˆ1)
[
y
1− yFeik + z + 2
(1− v) (1− z (1− y))
v [1− z (1− y)] + y [(1− y)a˜+ 1]
]
|MBorn(p)|2
where we use
p4 · Qˆ = pˆ1 · pˆi, y = pˆ3 · pˆ4
pˆ1 · pˆi , n˜ =
pˆo
(1− y) ,
z =
pˆ3 · pˆo
pˆ3 · pˆo + pˆ4 · pˆo , x =
pˆ3 · Qˆ
pˆ3 · Qˆ + pˆ4 · Qˆ
, a˜ =
1
1− y
pˆ1 · pˆo
pˆ1 · pˆ3 + pˆ1 · pˆ4 ,
v =
pˆ1 · pˆ3
pˆ1 · pˆ3 + pˆ1 · pˆ4 , Feik = 2
(pˆ3 · pˆo) (pˆ4 · pˆo)
(pˆ3 · Qˆ)2
.
The momenta in the Born matrix element need to be calculated using the transforma-
tion defined below.
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Final-state kinematics: momentum mapping
By definition, we have
pi = pˆi, p1 = pˆ1, p4 =
1
1− y [pˆ3 + pˆ4 − y (pˆ1 + pˆi)] .
Energy and momentum conservation then implies
po = pˆ1 + pˆi − p4 = pˆo
1− y .
4.5.5 Integrated subtraction terms
Initial-state subtraction
The initial-state integrated subtraction term, including the interference term, is given
by Eqs. (93) and (110) respectively, and we obtain
I i(ε) =
1
ε2
+
1
ε
(
3
2
− ln z˜0
)
+
1
2
Li2 (1− z˜0) + 1
2
ln2 z˜0 + 2 I
0
fin(z˜0),
K˜i(x; ε) =
1
x
[
−1
ε
(
1 + x2
1− x
)
+
+ (1− x) 2 ln (1− x)−
(
1 + x2
1− x
)
+
ln x
+4 x
(
ln(1− x)
1− x
)
+
]
+ I1fin(x, z˜) , (182)
where z˜ is defined in Eq. (181). The four-vectors in z˜ now have to be calculated from
{p} using the inverse mapping
pˆ1 =
1
x
p1, pˆi = pi, pˆ4 = Λ(Kˆ,K)p4 (183)
where Λ is defined in Eq. (17) and
K = p1 + pi, Kˆ =
x+ y′(1− x)
x
p1 + [1− y′ (1− x)] pˆi + |k⊥|kˆ⊥
in terms of the m-particle phase space variables. Here,
|k⊥| = (1− x)
√
(1− y′) y′
x
2 p1pi, kˆ⊥ =

0
2 v − 1
−2√v (1− v)
0
 .
The complete subtraction term is given by
αs
2 π
CF
1
Γ(1− ε)
(
4 π µ2
2 p1 · pi
)ε
∫ 1
0
dx
[
δ(x− 1) I i(ε) + K˜i(x; ε) + Pcoll(x, ε;µF )
]
|MBorn(p˜)|2 (184)
47
with
Pcoll(x, ε;µF ) =
1
ε
1
x
(
2pa · pb
µ2F
)ε (
1 + x2
1− x
)
+
.
The integrated subtraction term contains two finite integrals
I0fin(z˜0) =
∫ 1
0
dy′
(
z˜0
y′
√
4 y′2 (1− z˜0) + z˜20
× ln
[
2
√
4 y′2 (1− z˜0) + z˜20
√
(1− y′)
2 y′ + z˜0 − 2 y′ z˜0 +
√
4 y′2 (1− z˜0) + z˜20
])
,
I1fin(x, z˜) =
2
(1− x)+
1
π
∫ 1
0
dy′
y′
[∫ 1
0
dv√
v (1− v)
z˜
N(x, y′, z˜, v)
− 1
]
,
(185)
which need to be integrated numerically. Here,
N =
pˆ3 · pˆ4
pˆ4 · Qˆ
1
1− x + y
′,
and pˆ3 needs to be reconstructed using Eqs. (85), (86), and (87). For the implementa-
tion of the + distribution, we also have to use
N0 ≡ N(x = 1) = (1− y
′) p1 · p4 + y′ pi · p4 −
√
y′ (1− y′) 2 p1 · pi kˆ⊥ · p4
p4 ·Q + y
′.
If we expand in ε, we then obtain for the subtraction term
αs
2 π
CF ×∫ 1
0
dx
{
δ(1− x)
[
1
ε2
+
1
ε
(
3
2
− ln z˜0 + ln A − γ
)
+
1
2
Li2 (1− z˜0)
+
1
2
ln2 z˜0 +
1
2
ln2A − γ ln A− π
2
12
+
1
2
γ2 +
(
3
2
− ln z˜0
)
(ln A− γ) + 2 Ifin(z˜0)
]
+
1
x
[
2 (1− x) ln (1− x) −
(
1 + x2
1− x
)
+
ln x + 4 x
(
ln(1− x)
1− x
)
+
+
(
1 + x2
1− x
)
+
ln B
]
+ I1fin(z˜, x)
}
|MBorn(p)|2
with
A =
2 π µ2
p1 · pi , B =
2p1 · pi
µ2F
,
and γ being the Euler number.
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Final-state subtraction
The final-state integrated subtraction term is given by Eqs. (72) and (116):
If(ε) =
1
ε2
+
1
ε
[
3
2
+ ln(a˜0 + 1)
]
− 1 + π
2
3
− 2 ln (2) ln(a˜0 + 1) + 1
2
ln2(a˜0 + 1)
+
5
2
Li2
(
a˜0
a˜0 + 1
)
− 1
2
Li2
[(
a˜0
a˜0 + 1
)2]
+ I0fin(a˜0) + I
1
fin(a˜)
where
I0fin(a˜0) =
∫ 1
0
du
u
{
2 ln 2 +
1√
1 + 4 a˜0(1 + a˜0) u2
× ln
 (1− u)(
1 + 2 a˜0 u +
√
1 + 4 a˜0 (1 + a˜0) u2
)2

 ,
I1fin(a˜) = 2
∫ 1
0
du
u
∫ 1
0
dx
x
[
x (1− x+ u x [(1− u x) a˜ + 2])
k(u, x, a˜)
− 1√
1 + 4 a˜0 u2 (1 + a˜0)
]
. (186)
Here,
k2(x, u, a˜) = [(1 + ux − x)(z − z′) + ux ((1− ux) a˜+ 1)]2
+4 u x z′ (1− z) (1 + u x− x) ((1− ux) a˜+ 1)
and
z =
x (1− u)
1− ux , z
′ = u x a˜, a˜ =
p1 · po
(1− y)p1 · p4 + y p1 · pi
in terms of the m-particle phase-space variables. The complete subtraction term is
given by
αs
2 π
CF
1
Γ(1− ε)
(
2 π µ2
p1 · pi
)ε
If(ε)|MBorn(p)|2 .
Expanding the complete integrand in ε, we obtain
αs
2 π
CF ×{
1
ε2
+
1
ε
[
3
2
+ ln(a˜0 + 1) + ln D − γ
]
− 1 + π
2
4
− 2 ln (2) ln(a˜0 + 1)
+
1
2
ln2(a˜0 + 1) +
5
2
Li2
(
a˜0
a˜0 + 1
)
− 1
2
Li2
[(
a˜0
a˜0 + 1
)2]
+
ln2 D + γ2
2
− γ ln D
+
(
3
2
+ ln(a˜0 + 1)
)
(ln D − γ) + I0fin(a˜0) + I1fin(a˜)
}
|MBorn|2
with D = 2 π µ2/(pi · p1).
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Effective I, K, P terms
We can combine the initial- and final-state integrated subtraction terms to an effective
I, K, P term which should be applied in the spirit of an initial-state subtraction term
(i.e. the I term is multiplied with δ (1− x)). We then obtain
Itot(ε) =
αs
2 π
CF ×
{
2
ε2
+
1
ε
[3 − 2 ln z˜0 + 2 ln A − 2 γ]
+ 3 Li2 (1− z˜0) + 2 ln 2 ln z˜0 − 1
2
Li2
[
(1− z˜0)2
]
+ ln2 z˜0
+ (ln A− γ)2 + π
2
6
+ (3 − 2 ln z˜0) (ln A− γ) − 1 + Itot,0fin (z˜0) + I1fin(a˜)
}
,
Ktotfin (x; z˜) =
αs
2 π
CF
{
1
x
[
2 (1− x) ln (1− x) −
(
1 + x2
1− x
)
+
ln x
+4 x
(
ln(1− x)
1− x
)
+
]
+ I1fin(z˜, x)
}
,
P totfin (x;µ
2
F ) =
αs
2 π
CF
1
x
(
1 + x2
1− x
)
+
ln
(
2p1 · pi
µ2F
)
, (187)
where
I tot,0fin (z˜0) =
2
∫ 1
0
dy
y
{
z˜0√
4 y2 (1− z˜0) + z˜20
× ln
 2 z√4 y2 (1− z˜0) + z˜20 (1− y)(
2 y + z˜0 − 2 y z˜0 +
√
4 y2 (1− z˜0) + z˜20
)2
+ ln 2} .
I1fin(a˜) is given by Eq. (186) and I
1
fin(z˜, x) by Eq. (185). We can further simplify
ln
(
A
z˜0
)
= ln
(
2 π µ2
pi · po
)
.
Combined two-particle phase-space contribution
Adding the I, K, P terms from the last section to the virtual contribution, we have∫ 1
0
dx |M|22 =
∫ 1
0
dx
{
αs
2 π
CF δ(1− x)
[
−9 + 1
3
π2 − 1
2
Li2[(1− z˜0)2]
+ 2 ln 2 ln z˜0 + 3 ln z˜0 + 3Li2(1− z˜0) + Itot,0fin (z˜0) + I1fin(a˜)
]
+Ktotfin (x; z˜) + P
tot
fin (x;µ
2
F )
}
|M|2Born(x p1),
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Figure 6: NLO (green, dashed) and LO (blue, solid) partonic cross sections for DIS
subprocess eq → eq(g), as a function of parton level (HERA-like) cm energies, with
angular cuts cos θee < 0.8. Partonic cross section prior to convolution with PDFs.
Relative NLO corrections are around 3.4%
where Ktotfin (x; z˜) and P
tot
fin (x;µ
2
F ) are given by Eq. (187). Note that I
1
fin(z˜, x) contains
the four-vectors pˆ4 and pˆ3, which need to be reconstructed using Eqs. (183) and (85),
(86), (87), respectively.
4.5.6 Results
We have compared the above results numerically with an implementation of the Catani-
Seymour dipole subtraction; the corresponding terms can easily be obtained from [31]
and are therefore omitted here. Figs. 6 and 7 show the behaviour of the total partonic
cross sections and the differences between the application of the two schemes at par-
ton level for varying (HERA-like) center-of-mass energies, where we applied a cut of
cos θee < 0.8 to cut out terms for which t = (pi − po)2 = 0. We see that the results
agree on the per-mil level7, therefore verifying the nontrivial check of our subtraction
prescription with a modified final-state mapping. In Fig. 8, we show the behaviour of
the differences between the two- and three-particle phase-space contributions for vary-
ing center-of-mass energies, again verifying that their cancellation is non-trivial as the
contributions from different phase space integrations vary widely in magnitude for the
two schemes. The results for our new scheme have been obtained using subtractions in
the vicinities of the singular regions in phase space only8. A more detailed investigation
for this process, including the implementation in a parton level Monte Carlo generator,
is in the line of future work.
7Note that this result has been obtained with a relatively mild angular cut.
8This idea has been documented in [30] in the context of FKS subtraction and in [66] for Catani
Seymour dipoles. Explicit expressions for our scheme will be presented elsewhere.
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Figure 7: As Figure 6; relative difference between NLO contributions using Nagy-Soper
(NS) and Catani Seymour (CS) subtraction terms. Errors are integration errors; results
agree at the permil-level.
∆
(2,3)
NS,CS = σ
(2,3)
NS − σ(2,3)CS
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Figure 8: As Figure 6. Behaviour of the difference ∆
(2,3)
NS,CS = σ
(2,3)
NS − σ(2,3)CS between
the two schemes for the two particle final state phase space (green, dashed) and three
particle final state phase space (blue, solid), respectively. In the sum ∆
(2)
NS,CS +∆
(3)
NS,CS
(black dots), the large differences cancel. In the new scheme, subtractions have been
restricted to singular regions.
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5 Conclusion and Outlook
In this paper, we propose a new NLO subtraction scheme which is based on the mo-
mentum mapping and on the splitting functions derived in the context of an improved
parton shower formulation [40]. One essential feature of our scheme is that we use a
global momentum mapping in which all of the partons participate. As a result, the
number of momentum mappings needed to evaluate the subtraction terms and the
corresponding leading-order matrix elements is significantly smaller than for standard
subtraction schemes. A further important feature of our scheme is that we derive the
subtraction terms from the splitting functions that describe an improved parton shower
with quantum interference. The use of the shower splitting functions as subtraction
terms greatly simplifies the matching of a NLO calculation with the corresponding
parton shower.
To establish our scheme we have focused on the simple case of collider processes
with up to two massless particles in the final state. We have presented formulae for
all subtraction terms and integrated counterparts needed to address such processes at
NLO, and have applied the results to a variety of basic lepton- and hadron-collider
processes. In all cases, we have reproduced the results from the literature and have
shown that our implementation agrees with results obtained using the Catani-Seymour
dipole subtraction. In the scheme proposed here, the mapping of parton momenta is
given by a generic description for initial- or final-state emitters. The finite contributions
in the integrated soft interference terms between initial- and final-state partons thus
depend on the kinematics of the process and need to be integrated numerically. The
implementation of initial-final and final-initial interference terms therefore accounts for
a non-trivial check of our subtraction prescription.
The advantages of two main features of our scheme, i.e. the global mapping and
the use of subtraction terms derived from the splitting functions of an improved parton
shower, become most apparent when applying the scheme to NLO multi-parton pro-
cesses and/or matching the NLO calculation with the corresponding parton shower.
Both applications are in the line of future work.9 In this paper, we have demonstrated
in a first step that the splitting functions of the improved shower, in combination
with the corresponding global mapping, can be used as local counterterms in a sub-
traction scheme for processes with relatively simple final-state kinematics. While the
subtraction terms for the real-emission contributions can readily be applied to generic
multi-parton final states, the mapping prescription for final-state emitters leads to
more involved finite parts of the integrated subtraction terms when considering pro-
cesses with three or more final-state particles. Although the integrated subtraction
terms for the general case have been privately available for some time, and an example
for the final-state splitting function g → q q¯ has been presented in [44], a generic appli-
cation to a more challenging physical process is still work in progress. However, we are
confident that results for multi-parton final states, which will allow for a more powerful
test of the features of the new scheme, will become available in the near future.
9We note that work is underway [67] to implement the scheme presented here into the Helac Event
Generator framework [11].
53
Acknowledgements
This research was partially supported by the DFG SFB/TR9 “Computational Particle
Physics”, the DFG Graduiertenkolleg “Elementary Particle Physics at the TeV Scale”,
the Helmholtz Alliance “Physics at the Terascale”, the BMBF, the STFC and the EU
Network MRTN-CT-2006-035505 “Tools and Precision Calculations for Physics Dis-
coveries at Colliders”. We would like to thank Zolta´n Nagy, Dave Soper and Zolta´n
Tro´csa´nyi for many valuable discussions, as well as Tobias Huber for help with in-
tegrations including HypExp. In addition, TR thanks Adrian Signer for a clarifying
discussion about the FKS subtraction scheme, Rikkert Frederix for discussions con-
cerning the implementation of the FKS scheme within the Madgraph framework, and
David Miller and Chris White for helpful comments regarding the manuscript. Finally,
we want to thank the hospitality of the Aspen Center of Physics, where parts of this
work were completed. Some of the plots were generated using the gamelan graphics
package [68].
54
ℓ fℓ fˆℓ fˆj vℓ × 1√
4παs
colour
F q q g εµ(pˆj, sˆj; Qˆ)
∗ U(pˆℓ, sˆℓ)γ
µ[/ˆpℓ + /ˆpj ] /nℓU(pℓ, sℓ)
2pℓ ·nℓ [(pˆℓ + pˆj)2] t
a
I q q g −εµ(pˆj, sˆj ; Qˆ)∗
V (pˆℓ, sˆℓ)γ
µ(/ˆpℓ − /ˆpj)/nℓV (pℓ, sℓ)
2pℓ ·nℓ [(pˆℓ − pˆj)2] t
a
F g q q¯ −εµ(pℓ, sℓ; Qˆ)Dµν(pˆℓ + pˆj , nℓ)U(pˆℓ, sˆℓ)γ
νV (pˆj, sˆj)
(pˆℓ + pˆj)2
ta
I g q¯ q −εµ(pℓ, sℓ; Qˆ)∗Dµν(pˆℓ − pˆj;nℓ)U(pˆj, sˆj)γ
νU(pˆℓ, sˆℓ)
(pˆℓ − pˆj)2 t
a
I q g q −εµ(pˆℓ, sˆℓ; Qˆ)
U(pˆj , sˆj)γ
µ[/ˆpℓ − /ˆpj ] /nℓV (pℓ, sℓ)
2pℓ ·nℓ [(pˆℓ − pˆj)2] t
a
Table 2: Splitting amplitudes vℓ({pˆ, fˆ}j, sˆj , sˆℓ, sℓ) involving a qq¯g splitting. We have
removed a common factor
√
4παs removed. The label ℓ denotes either initial-state
indices I = {a, b} or final-state indices F = {1, . . . , m}. The light-like vector nℓ is
defined in Eq. (191). Taken from [40].
A Splitting amplitudes
In Table 2, we list the splitting amplitudes for qq¯g splittings as given in [40]. For triple
gluon splittings, we have for the final state
vℓ({pˆ, fˆ}m+1,sˆj, sˆℓ, sℓ)
=
√
4παs
2pˆj ·pˆℓ εα(pˆj, sˆj ; Qˆ)
∗εβ(pˆℓ, sˆl; Qˆ)∗εν(pℓ, sℓ; Qˆ)
× vαβγ(pˆj , pˆℓ,−pˆj − pˆℓ)Dγν(pˆℓ + pˆj;nℓ) .
(188)
For an initial state splitting, we have
vℓ({pˆ, fˆ}m+1,sˆj , sˆℓ, sℓ)
= −
√
4παs
2pˆj ·pˆℓ εα(pˆj , sˆj; Qˆ)
∗εβ(pˆℓ, sˆℓ; Qˆ)εν(pℓ, sℓ; Qˆ)∗
× vαβγ(pˆj ,−pˆℓ, pˆℓ − pˆj)Dγν(pˆℓ − pˆj ;nℓ) .
(189)
We use standard notation where U(p, s), U(p, s), V (p, s), V (p, s) denote spinors of the
fermions with a four-momentum p and spin s, and εα(p, s;Q) are the gluon polarisation
55
vectors. The ggg vertex has the form
vαβγ(pa, pb, pc) = g
αβ(pa − pb)γ + gβγ(pb − pc)α + gγα(pc − pa)β . (190)
The transverse projection tensor Dγν(pˆℓ− pˆj;nℓ) is defined according to Eq. (47). The
light-like vector nℓ is given by
nℓ =

pB , ℓ = a ,
pA , ℓ = b ,
Q− Q
2
Q·pℓ +
√
(Q·pℓ)2
pℓ , ℓ ∈ {1, . . . , m} .
(191)
B Integration measures in terms of singular vari-
ables
In this section, we give the integration measures for the initial- and final-state splittings
in terms of the singular variables, and relate these to the four-momenta in the real-
emission phase spaces.
B.1 Initial-state integration measure
The initial-state integration measure in d = 4 − 2 ε dimensions is given by Eq. (90)
and related to the variables in Section 3.3.2 via
dξp =
ddpˆj
(2 π)d−1
δ+
(
pˆ2j
)
= dx dy′
(2 pa · pb)1−ε xε−1
Γ(1− ε) (4 π)2−ε (1− x)
1−2 ε [y′ (1− y′)]−εΘ [(1− x) x] Θ [(1− y′) y′] ,
(192)
where the center of mass energy in the m + 1 phase space is given by sˆ = ηˆa ηb s =
(2pa · pb)/x. Here, x→ 1 corresponds to the soft and y′ → 0 to the collinear singular
limit. For the integration of the interference terms, we additionally have to parametrise
the azimuthal angle of pˆj in the integration measure; this parametrisation is frame
dependent. We obtain
dξp = dx dy
′ dv
(2 pa · pb)1−ε xε−1
(4 π)2
πε−
1
2
Γ
(
1−2ε
2
) (1− x)1−2 ε [y′ (1− y′)]−ε [v (1− v)]− 1+2 ε2
×Θ [(1− x) x] Θ [(1− y′) y′] Θ [v (1− v)] (193)
where v = 1
2
(1− cosϕ) is related to the azimuthal angle of pˆj in the center for mass
frame of pˆa, pˆb and pˆk defines the x, z plane.
B.2 Final-state integration measure
The final-state integration measure in d = 4− 2 ε dimensions is given by Eq. (68). In
terms of integration variables which parametrise the singularities of the integrands, we
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obtain
dξp = dy θ (y(1− y)) (1− y)d−3 pℓ ·Q
π
ddpˆℓ
(2 π)d
2 π δ+(pˆ2ℓ)
ddpˆj
(2 π)d
2 π δ+(pˆ2j)
×(2 π)d δ(d) (pˆℓ + pˆj − (1− y)pℓ − yQ)
=
(2 pℓ ·Q)1−ε
16 π2
(4 π)ε
Γ(1− ε)
∫ 1
0
du u−ε (1− u)−ε
∫ 1
0
dx x1−2 ε (1− x)−ε, (194)
where u and x are related to the m+ 1 particle kinematics via
x =
pˆj ·Q
pℓ ·Q, u =
pˆℓ · pˆj
pˆj ·Q .
Here, x → 0 corresponds to the soft and u → 0 to the collinear limit of the integration.
While the above parametrisation suffices in the integration of the collinear subtraction
terms, we need to introduce an additional angle between emitted parton and spectator
in the interference terms. In contrast to the above parametrisation, the additional
integration variable is frame dependent; in the center of mass system of pˆℓ, pˆj, where
pˆk defines the x, z plane, we can write
dξp =
(2 pℓ ·Q)1−ε
16
π−
5
2
+ε
Γ
(
1
2
− ε)
×
∫ 1
0
du u−ε (1− u)−ε
∫ 1
0
dx x1−2 ε (1− x)−ε
∫ 1
0
dv [v (1− v)]− 1+2 ε2 , (195)
with v = 1
2
(1− cosϕ) is related to the azimuthal angle of pˆj . The above parametri-
sations were used in all integrations presented in this paper.
C Altarelli-Parisi splitting functions
This section contains a list of the well known Altarelli-Parisi splitting functions [45],
which are evolution kernels of the DGLAP equation [69, 70, 45, 71]. They also describe
the behaviour of parton splittings by giving the probability of finding a parton of type
b with momentum fraction x in a parton of type a in the collinear limit:
a(p) −→ b (x p+ k⊥ + O(k2⊥)) + c ((1− z) p− k⊥ + O(k2⊥)) . (196)
At leading order, the splitting functions are given by
P qq(x) = CF
[
1 + x2
(1− x)+ +
3
2
δ(1− x)
]
,
P gq(x) = TR
[
x2 + (1− x)2] , TR = 1
2
,
P qg(x) = CF
[
1 + (1− x)2
x
]
,
P gg(x) = 2CA
[
x
(1− x)+ +
1− x
x
+ x (1− x)
]
+ δ(1− x) 11CA − 4nf TR
6
,
(197)
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where nf is the number of quark flavours in the theory. The + distribution is defined
in the standard way∫ 1
0
f(x) g+(x) dx =
∫ 1
0
g(x) (f(x)− f(1)) dx =
∫ 1
0
g(x) f(x) dx − f(1)
∫ 1
0
g(x) dx
(198)
for the convolution with a test function f(x).
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